
CHAPTER 8 
Mechanics of Options Markets 

N otes for the Instructor 

This chapter provides information on how options markets work. 1 usually go through 
the chapter fairly quickly leaving students to read the details for themselves. Points 1 
spend time on are the payoffs from the four option positions and how the terms of options 
change when there are dividends and stock splits. There is less material on employee stock 
options in this chapter than before. This is because there is now a whole chapter (Chapter 
14) devoted to this topic. 

Problems 8..24 and 8.26 work well for class discussion. Problems 8.23 and 8.25 can be 
used as assignment questions. 

QUESTIONS AND PROBLEMS 

Prohlpn1 ~通 -L

An investor buys a European put on a share for $3. The stock price is $42 and the 
strike price is $40. Under what circumstances does the investor make a pro丑t? Under 
what circumstances wil1 the option be 位ercised? Draw a diagram showing the variation 
of the investor's profìt with the stock price at the maturity of the option. 

The investor makes a profit if the price of the stock on the expiration date is less than 
$37. In these circumstances the gain from exercising the option is greater than $3. The 
option will be exercised if the stock price is less than $40 at the maturíty of the option. 
The variation of the invest肘's profit with the stock price in Figure 88. 1. 

Problern 8.2. 
An investor sells a European call on a share for $4.. The stock price is $47 and the 

strike price is $50. Under what circumstances does the investor make a profìt? Under 
what circumstances wil1 the option be exercised? Draw a diagram showing the variation 
of tlle investor's pro丑t with tl1e stock price at the matur此y of the option. 

The investor makes a profit if the price of the stock is below $54 on the expiration 
date. If the stock price is below $50, the option will not be exercised, and the investor 
makes a profit of $4. If the stock price is between $50 and $54, the option is exercised and 
the investor makes a profit between $0 and $4. The variation of the investor's profit with 
the stock price is as shown in Figure 88.2. 
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Figure 88.1 Investor's profit in Problem 8.1 
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Figure 88.2 Investor's profit in Problem 8.2 
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Problem 8.3. 
An investor sells a European call option wíth strike price of K and maturity T and 

buys a put with the same strike price and maturity. Describe the investor's position. 

The payoff to the investor is 

- max (ST - K , 0) + m位 (K - ST, 0) 

This is K -- ST in all circumstances.. The investor's position is the same as a short 
position in a forward contract with delivery price K. 

Problem 8 .4. 
Explain why brokers require margins when clients write options but not when they 

buy options時

When an investor buys an option, cash must be paid up front.. There is no possibility 
of future liabilities and therefore no need for a margin account.. When an investor sells 
an option, there are potential future liabilities. To protect against the risk of a default, 
margins are required. 

Problem 8.5. 
A stock option is on a February, May, August, and No問mber cycle. What options 

trade on (a) April 1 and (b)May 30? 

On April 1 options trade with expiration months of April, May, August , and Novem明

ber\On May 30 options trade with expiration months of June, July, August, and Novem
ber. 

Problem 8.6. 
A company declares a 2-for-l stock spJit. Explain hοw the terms change for a call 

option with a strike price of $60. 

The strike price is reduced to $30, and the option gives the holder the right to purchase 
twice as many shares 包

Problem 8.7. 
“Employee stock options issued by a company are different from regular exchange

traded call options on the company's stock because they can a丑ect the capital structure 
of the company." Explain this statement. 

The exercise of employee stock options usually leads to new shares being issued by 
the company and sold to the employee. This changes the amount of equity in the capital 
structure. When a regular exchange-traded option is exercised no new shares are issued 
and the company's capital structure is not affected. 
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Problem 8.8. 
A corporate treasurer is designing a bedging program involving foreign currency op

tions. Wbat are tbe pros and cons of using (a) tbe Pbiladelpbia Stock Exchange and (b) 
tbe over-tbφcounter market for trading? 

The Philade1phia Exchange offers European and American options with standard 
strike prices and times to maturity. Options in the over-the-counter market have the 
advantage that they can be tailored to meet the precise needs of the treasurer. Their 
disadvantage is that they expose the treasurer to some credit risk. Exchanges organize 
their trading so that there is virtually no credit risk. 

Problem 8.9. 
Suppose tbat a European call option to buy a sbare for $100.00 costs $5.00 and is 

beld until maturity. Under wbat circumstances wi1l tbe bolder of tbe option make a pro丑t?
Under wbat circumstances wi1l tbe option be exercised? Drawa diagram i1lustrating bow 
tbe profit 企om a long position in tbe option depends on tbe stock price at maturity of tbe 
option. 

Ignoring the time va1ue of money, the h01der of the option will make a profit if the 
stock price at maturity of the option is greater than $105. This is because the payoff to 
the h01der of the option 詣， in these circumstances , greater than the $5 paid for the option. 
The option will 1三e exercised if the stock price at m且tnrity is gr的tpT' t:han$1DO. Note that 
if the stock price is between $100 and $105 the option is exercised, but the holder of the 
option takes a 10ss overa11. The profit from a 10ng position is as shown in Figure 88.3. 
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Problern 8.10. 
Suppose that a European put option to sell a share for $60 costs $8 and is held until 

maturity. Under what circumstances wi11 the seller of the option (the party with the short 
position) make a profit? Under what circumstances wi11 the 叩tion be exercised? Draw 
a diagTam illustrating how the pro丘t from a short position in the option depends on the 
stock price at maturity of the option. 

Ignoring the time value of money, the seller of the option will make a pro缸 if the 
stock price at maturity is greater than $52.00. This is because the cost to the seller of the 
option is in these circumstances less than the price received for the option. The option 
will be exercised if the stock price at maturity is less than $60.00. Note that if the stock 
price is between $52..00 and $60.00 the seller of the option makes a profit even though the 
option is exercised. The profit from the short position is as shown in Figure 88 .4. 
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Figure S8 .4 Profit from short position in Problem 8.10 

Problern 8.11. 

Describe the tenninal value of the following portfolio.:' a newly enterecJ..into long for
ward contract on an asset and a long' position in a Europeall put option on t.L~e asset witJì 
the same maturity as the forward contract and a strike price that is equal to the forward 
price of the asset at the time the portfolio is set up. Show that the Europθan put option 
has the same value as a European call option with the same strike price and maturity. 

The terminal value of the long forward contract is: 

ST-Fo 
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where ST is the price of the 品set at maturity and Fo is the forward price of the 品set at 
the time the portfolio is set up. (The delivery price in the forward contract is a1so Fo.) 

The termina1 va1ue of the put option is: 

max (Fo - ST, 0) 

The termina1 va1ue of the portfolio is therefore 

ST - Fo + max(Fo - ST , 0) 

=m似 (0， ST - Fo] 

This is the same as the termina1 va1ue of a European call option with the same maturity 
as the forward contract and an exercise price equa1 to 月.

We have shown that the forward contract p1us the put is worth the same as a call 
with the same strike price and time to maturity as the put. The forward contract is worth 
zero at the time the portfo1io is set up. It follows that the put is worth the same as the 
call at the time the portfolio is set up. 

Problem 8.12. 
A trader buys a cal1 option with a strike price of $45 and a put option with a strike 

pripρ nf 必'40 Both options h別re the same maturity. The call costs $3 and the put costs $4. 
Draw a diagram showing the variation of the trader's pro恥 with the asset price. 

Figure 88.5 shows the variation of the trader's position with the asset price. We can 
divide the a1ternative asset prices into three ranges: 
(a) When the asset price 1ess than $40, the put option provides a payoff of 40-ST and the 

call option provides no payoff. The options cost $7 and so the tota1 profit is 33-- ST. 
(b) When the asset price is between $40 and $45, neither option provides a payofl. There 

is a net 10ss of $7. 
(c) When the asset price greater than $45, the call option provides a payoff of ST - 45 

and the put option provides no payoff. Taking into account the $7 ∞st of the options, 
the tota1 profit is ST - 52. 

The trader makes a profit (ignoring the time va1ue of money) if the stock pri臼 is 1ess 
than $33 or greater than $52. This type of trading strategy is known as a strang1e and is 
discussed in Chapter 10. 

Problem 8.13. 
Explain why an American option is always worth at least as much as a European 

option on the same asset with the same strike price and exercise date. 

The ho1der of an American option has all the same rights as the ho1der of a European 
option and more. It must therefore be worth at 1east as much. If it were not, an arbitrageur 
cou1d short the European option and take a 10ng position in the American option. 
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Figure S8.5 Profit from trading strategy in Problem 8.12 

Problem 8.14. 
Explain why an American option is always worth at least as much as its intrinsic 

value. 

The holder of an American option has the right to exercise it immediately. The 
American optìon must therefore be worth at least as much as its intrinsic value.. If ìt 
were not an arbitrageur could lock in a sure profit by buying the option and exercising it 
immedìately. 

Problem 8.15. 
Explain carefully the difference between writing a put option and buying a call ο'ption. 

Writing a put gives a payoff of min(ST - K , 0). Buying a call gives a payoff of 
max(ST --- K , 0). In both cases the potential payoff is ST - K.. The difference is that for a 
written put the counterparty chooses whether you get the payoff (and will allow you to get 
it only when it is negative to you).. For a long call you decide whether you get the payo寬
(and you choose to get it when it is positive to you.) 

Problem 8.16. 
The treasurer of a corporation is trying to choose between options and forward con呵

tracts to hedge the corporation 's foreign exchange risk. Disc l1sS the advantages and disad
vantages of each. 

Forward contracts lock in the exchange rate that will apply to a particular transaction 
in the future.. Options provìde insurance that the exchange rate will not be worse than 
some level. The advantage of a forward contract is that uncertaìnty is eliminated as far 
as possible.. The disadvantage ìs that the outcome with hedging can be signi五cantly worse 
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than the outcome with no hedging. This disadvantage is not as marked with options. 
However, unlike forward contracts, options involve an up-front cost. 

Problem 8.17. 
Consider an exchange-traded ca11 option contract to buy 500 shares with a strike price 

of $40 and maturity in four months. Explain how the terms of the option contract change 
when there is 

a. A 10% stock dividend 
b. A 10% cash dividend 
c.. A 4-.for-1 stock split 

(a) The option contract becomes one to buy 500 x 1.1 = 550 shares with an exercise price 
40/1.1 = 36.36.. 

(b) There is no effect. The terms of an options contract are not normally adjusted for 
cash dividends. 

(c) The option contract becomes one to buy 500 x 4 二 2 ， 000 shares with an exercise price 
of 40/4 = $10. 

Problem 8.18. 
“If most of the call options on a stock are in the money, it is likely that the stock price 

has risen rapidly in the last few months." Discuss this s的tement..

The exchan民e has certain rules governing when trading in a new option is initiated. 
These mean that the option is close-to-the-money when it is first traded. If all call options 
叮e in the money it is therefore likely that the stock price has risen since trading in the 
option began. 

Problem 8.19. 
What is the effect of an unexpected cash dividend on 糾 a call option price and (b) 

a put option price7 

An unexpected cash dividend would reduce the s七ock price on the ex..dividend date. 
This stock price reduction would not be anticipated by option holders. As a result there 
would be a reduction in the value of a call option and an increase the value of a put option. 
(Note that the terms of an option are adjusted for cash dividends only in exceptional 
circumstances. ) 

Problem 8.20. 
Options on General Motors stock are on a March , June, September, and December 

cycle.. What options trade on (吋 March 1, (b) June 30, and (c) August 57 

(a) March, April, June and September 
(b) July, Al耶1St ， September, December 
(c) August, Septemb凹， December, March. 

Longer dated options may also trade. 
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Problem 8.21. 

Exp1ain why the market maker's bid-offer spread æpresents a rea1 cost to options 
investors. 

A “fair" price for the option can reasonably be assumed to be half way between the 
bid and the offer price quoted by a market maker. An investor typically buys at the market 
maker's offer and sells at the market maker's bid. Each time he or she does this there is a 
hidden cost equal to half the bid-offer spread. 

Problem 8.22. 
A United States investor writes 丑ve naked ca11 option contracts. The option price is 

$3.50, the strike price is $60.00, and the stock price is $57.00. What is the initia1 margin 
requiæmen t? 

The two calculations are necessary to determine the initial margin. The first gives 

500 x (3.5 十 0.2 x 57 - 3) = 5,950 

The second gives 

500 x (3.5 十 0.1 x 57) = 4,600 

The initial margin is the greater of these, or $5,950. Part of this can be provided by the 
initial amount of 500 x 3..5 = $1 ,750 received for the options. 

ASSIGNMENT QUESTIONS 

Problem 8.23. 
The price of a stock is $40. The price of a one-year European put option on the stock 

with a strike price of $30 is quoted as $7 and the price of a one-year European call option 
on the stock with a strike price of $50 is quoted as $5. Suppose that an investor buys 100 
shares, shorts 100 call options, and buys 100 put options. Drawa diagram il1ustrating how 
the investor's pro丘t or 10ss varies with the stock price over the next year. How does your 
answer change if the investor buys 100 shares, SllOI'ts 200 call options, and buys 200 put 
options? 

Figure M8.1 shows the way in which the investor's profit varies with the stock price 
in the first case 他 For stock prices less than $30 there is a loss of $1 ,200. As the stock price 
increases from $30 to $50 the profit increases from ~$1 ， 200 to $800. Above $50 the profit 
is $800. Students may express surprise that a call which is $10 out of the money is less 
expensive than a put which is $10 out of the money. This could be because of dividends 
or the crashophobia phenomenon discussed in Chapter 18. 

Figure M8.2 shows the way in which the profit varies with stock price in the second 
case. In this case the profit pattern has a zigzag shape. The problem illustrates how many 
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different patterns can be obtained by including calls, puts, and the underlying asset in a 
portfolio.. 

Problem 8.24. 
“If a company does not do better tban its competitors but tbe stock market goes 
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up, executives do very wel1 企om their stock options. This makes no sense" Discuss this 
viewpoint Can you think of alternatives to the usual executive stock option plan that 
take the viewpoint into account. 

Executive stock option plans account for a high percentage of the total remuneration 
re臼ived by executives心 When the market is rising fast (as it was for much of the 1990s) 
many corporate executives do very well out of their stock option plans - even when their 
company does worse than its competitors. Large institutional investors have argued that 
executive stock options should be structured so that the payoff depends how the company 
has performed relative to an appropriate industry index. In a regular executive stock 
option the strike price is the stock price at the time the option is issued. In the type 
of relative-performance stock option favored by institutional investors , the strike price at 
time t is 801t! 10 where 80 is the compa叮's stock price at the time the option is issued, 
10 is the value of an equity index for the industry in which the company operates at the 
time the option is issued, and 1t is the value of the index at time t. If the company's 
performance equals the performance of the industry, the options are always at-the-money. 
If the company outperforms the industry, the options become in the money. If the company 
underperforms the industry, the options become out of the money. Note that a relative 
performance stock option can provide a payoff when both the market and the company's 
stock price decline. 

Relative performance stock options clearly provide a better way of rewarding senior 
management f,'or superior performance. Some companies have argued that, ifthey introduce 
relatiγe performanee optior這 wh品 th己ir comp前誌由~近的， they w ill 10出 ::;U111eυf theiI 
top management talent. 

Problem 8.25. 
Use DerivaGem to calculate the value of an American put option on a nondividend 

paying stock when the stock price is $30, the strike price is $32, the Tisk-free rate is 5% , 

一一一-sbe '1:01aM為YS--ðfJ咒 ， and the ti品品旦前tlrity 占 1.5 ye81s.. (臼的。一咐j"" If .j o;'/ A " 

for the “option type" and 50 time steps.) 
a.. What is the option's intrinsic value? 
b. What is the option 's time value? 
c. What would a time value of zem i且dicate? What is the value of an option with 

zem time va1ue? 
d. Using a tTial and errOT approach ca1culate llOW low the stock price w，οuld have to 

be for the time value of the option to be zero. 

DerivaGem shows that the value of the option is 4..57. The option's intrinsic value is 
32- 30 = 2.00. The option's time value is therefore 4.57- 2.00 = 2..57. A time value of 
zero would indicate that it is optimal to exercise the option immediately. In this case the 
value of the option would equal its intrinsic value. When the stock price is 20, DerivaGem 
gives the value of the option as 12, which is its intrinsic value. When the stock price is 
25, DerivaGem gives the value of the options as 7.54, indicating that the time value is still 
positive (= 0.54). Keeping the number of time steps equal to 50, trial and error indicates 
the time value disappears when the stock price is reduced to 21.69 or lower. (With 500 
time steps this estimate of how low the stock price must become is reduced to 21.35.) 
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Problem 8.26. 

On Ju1y 20, 2004 Microsoft surprised the market by announcing a $3 dividend. The 
ex-dividend date was November 17, 2004 and the payment date was December 2, 2004. 
Its stock price at the time w，部 about $28. It a1so changed the terms of its employee stock 
options so that each exercise price was adjusted downward to 

to 

Pre-dividend Exercise Price x 且需注些年$3.0旦
、JlOS1nl!: rnce 

The number of shares covered by each stock option outstanding was adjusted upward 

Nun帥I

“"Cα'10，ω'si扭ng Price" means the 0血cia1 NASDAQ c10sing price of a share of Microsoft 
common stock on the 1ast trading day before the 位-dividend date. 

Evaluate this adjustment. Compare it with the system used by 位changes to adjust 
for extraordinary dividends (see Business Snapshot 8.1). 

Suppose that the closing stock price is $28 and an employee has 1000 options with a 
strike price of $24. Microsoft's adjustment involves cha時ing the strike price to 24 x 25/28 = 

21.4286 and changing the number of options to 1000 x 28/25 = 1,120. The system used by 
exchanges would involve keeping the number of options the same and reducing the strike 
price by $3 to $21. 

The Microsoft adjustment is more complicated than that used by the exchange because 
it requires a knowledge of the Microsoft's stock price immediately before the stock goes ex
divid旦旦互i However. ar草uably it is a better adjustment than the one used by the exchange. 
Before the adjustment the employee has the right to pay $24,000 for Microsoft stock that 
is worth $28,000. After the adjustment the employee also has the option to pay $24,000 for 
Microsoft stock worth $28,000. Under the adjustment rule used by exchanges the employee 
would have the right to buy stock worth $25,000 for $21 ,000. If the volati1ity of Microsoft 
remains the same this is a less valuable option. 

。nρcomplication bρrρjs tha.t Microsoft's volati1itv does not remain the same. It 
can be expected to go up because some cash (a zero risk asset) has been transferred 
to shareholders. The employees therefore have the same basic option as before but the 
volatility of Microsoft can be expected to increase.. The employees are slightly better 0宜
because the value of an option increases with volatility. 
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CHAPTER 9 

Properties of Stock Options 

N otes for the Instructor 

This chapter out1ines a number of relationships between a stock option price and the 
underlying stock price that do not involve 缸lY assumptions about the volatility of the 
stock's price. As will be evident from the slides, 1 like to present students with sets of 
numerical data for c, C , p, P , 50, K , T , T , and D that violate the relationships in the 
chapter and ask them what trades they would do. This usually results in good classroom 
interactìon. 

1 devote most time in class to 
1. The c 三 50 - K e-- rT resu1t 

2. The ear ly exercise arguments for American calls 
3. The put-call parity resu1t for European options 

When discussing the early exercise of American calls on non-dividend-恥paying stocks 
1 present students with a situation where the option is deep.-in-the-money (50 三且也
T = 0.25; K = 60) and ask whether they would exercise early when (a) the于 want to 
keep the stock as part of their portfo1io and (b) when they think the stock is a “dog". In 
the first case, they should delay exercise and thereby delay paying the strike price., In the 
second case they should sell the option to an investor who does want to keep the stock 
as part of his or her portfolio. (8uch an investor must exist as otherwise the stock price 
空也lld not be $100). This inv阱。r will p丸.y a.t least 1 (也且inusthe present '.吋ue of 60 for 
the option. 80, if the possibility of the stock price falling below $60 is ignored, the option 
should not be exercised early.. When the possibi1ity of the stock price fa11ing below $60 is 
recognized , we become even less inclined to exercise early .. 

Two follow叫p questions are “Why does this argument not work for put options?叮

and “Why are employee stock options frequent1y exercised early?" The answer to the first 
question is that the strike price is paid not received in the case of put options and so the 
time value of money argument does not work. The answer to the second question is that 
employee stock options cannot be traded. 

This can be a good time to introduce the Excel-based software DerivaGem that goes 
with the book (if the instructor has not already done so). The software can be used to 
plot the relationship between calljput prices and the variables: 此 ， K ， 叫 σ ， and T. It can 
also be used to check put-call parity and investigate the difference between American and 
European option prices. 

As already mentioned 1 often use Problem 9.20 in class. Problem 9.22 is a short 
assignment question. Problems 9.23, 9..24, and 9..25 are more challenging and can be used 
for assignments or class d 

101 



QUESTIONS AND PROBLEMS 

Problem 9.1. 
List the six factors affecting stock option prices. 

The six factors affecting stock option prices are the stock price, strike price, risk-free 
interest rate, volatility, time to maturity, and dividends. 

Problem 9.2. 
What is a lower bound for the price of a four-month call option on a non-dividend

paying stock when the stock price is $28, the strike price is $25, and the risk-企ee interest 
rate is 8% per annum? 

The lower bound is 
28 -- 25e-008xO.3333 = $3.66 

Problem 9.3. 
What is a lowθ!I' bound for the price of a on令month European put option on a non

dívidend-paying stock when the stock price is $12, the strike price is $15, and the rísk-企ee
interest rate is 6% per annum? 

The lower bound is 
通e二些06xO.08333 12 $2 93 

Problem 9.4. 
Give two reasons that the early exercise of an American call option on a non-dividend

paying stock is not optima1. The 丑rst reason should involve the time value of money. The 
Esecond reason should aDDlv even jf interest I'ates are zero. 

Delaying exercise delays the payment of the strike price. This means that the option 
holder is able to earn interest on the strike price for a longer period of time. Delaying 
exercise also provides insurance against the stock price falling below the strike price by the 
expiration date. Assume that the option holder has an amount of cash K and that interest 
rates are zero. Exercising early means that the option holder's position will be worth ST 
at expiration. Delaying exercise means that it will be worth max (K, 8T) 的 expiration

Problem 9.5. 
“The early exercise of an American put 1s a tradφoff between the time va1ue of money 

and the insurance value of a put." Explain this statement. 

An American put when held in conjunction with the underlying stock provides in
surance. It guarantees that the stock can be sold for the strike price, K. If the put is 
exercised early, the insurance ceases. However, the option holder receives the strike price 
immediately and is able to earn interest on it between the time of the early exercise and 
the expiration date. 
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Problem 9.6. 
Explain why an American call option on a dividend-paying stock is always worth at 

least as much as its intrinsic value. Is the same true of a European call option? Explain 
your answer. 

An American call option can be exercised at any time. If it is exercised its holder 
gets the intrinsic value. It follows that an American call option must be worth at least its 
intrinsic value. A European call option can be worth less than its intrinsic value. Consider, 
for example, the situation where a stock is expected to provide a very high dividend during 
the life of an option. The price of the stock will decline as a result of the dividend. Because 
the European option can be exercised only a此er the dividend has been paid, its value may 
be less than the intrinsic value today. 

Problem 9.7. 
The price of a non-dividend paying stock is $19 and the price of a three-month Eu

ropean call option on the stock with a strike price of $20 is $1. The risk-.free rate is 4% 
per annum. What is the price of a three-month European put option Wi t11 a strike price 
of $20? 

In this case c = 1, T = 0.25, 8 0 = 19, K = 20, and r = 0.04. From put-call parity 

p = c + K e-rT -- 8 0 

or 
p = 1 + 20e-004XO 鈞一 19 = 1.80 

so that the European put price is $1. 80.. 

Problem 9.8. 
Explain why the arguments leading to put-call parity for European options cannot 

be used 的 give a similar result for American options.. 

When early exercise is not possible, we can argue that two portfolios that are worth 
the same at time T must be worth the same at earlier times.. When early exercise is 
possible, the argument falls down. Suppose that P + 8 > C 十 Ke-rT . This situation does 
not lead to an arbitrage opportunity. If we buy the call, short the put, and short the stock, 
we cannot be sure of the result because we do not know when the put wil1 be exercised. 

Problem 9.9. 
What is a lower bound for the price of a six-month call option on a non-.dividend句

paying stock when the stock price is $80, the strike price is $75, and the risk-企ee interest 
rate is 10% per annum? 

The lower bound is 
80 - 75e-01 xO 5 = $8.66 
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Problem 9.10 
What is a lower bound for the price of a twφmonth European put option on a non

dividend-paying stock when the stock price is $58, the strike price is $65, and the risk-free 
interest rate is 5% per annum? 

The lower bound is 
65e一 0.05x2j12 _ 58 = $6.46 

Problem 9.11. 
A four-month European cal1 option on a dividend-paying stock is curren t1y selling for 

$5. The stock price is $64, the strike price is $60, and a dividend of $0.80 is expected in one 
month. The rísk-企ee ínterest rate ís 12% per annum for all maturities. What opportuníties 
are there for an arbítrageur? 

The present value of the strike price is 60e一 0.12x4j12 = $57.65. The present value of 
the dividend is 0.80e-012x1j12 = 0.79. Because 

5 < 64 -- 57.65 - 0.79 

the condition in equation (9.5) is violated. An arbitrage盯 should buy the option and short 
the stock. This generates 64 - 5 = $59. The arbitrageur invests $0.79 of this at 12% for 
one month to pay the dividend of $0.80 in one month. The remaining $58..21 is invested 
for four months at 12%. Regardless of what happens a profit will materialize. 

If the stock price declines below $60 in four months, the arbitrageur loses the $5 spent 
on the option but gains on the short position. The arbitrageur shorts when the stock price 
is $64, has to pay dividends with a present value of $0.79, and closes out the short position 
when the stock price is $60 or less. Because $57.65 is the present value of $60, the short 
position generates at least 64 - 57.65 - 0.79 = $5.56 in present value terms. The present 
value of the arbitrageur's gain is therefore at least 5.56 - 5.00 = $0.56. 

If the stock price is above $60 at the expiration of the option, the option is exercised. 
The arbitrageur buys the stock for $60 in four months and closes out the short position. 
The present value of the $60 paid for the stock is $57.65 and as before the dividend has a 
present value of $0.79. The gain from the short position and the exercise of the option is 
therefore exactly 64 - 57.65 - 0.79 = $5.56. The arbitrageur's gain in present value terms 
is exactly 5.56 - 5.00 = $0.56. 

Problem 9.12. 
A one-month European put option on a non-dividend-payíng stock is currently sellíng 

for $2.50.. The stock price ís $47, the strike price is $50, and the risk-free interest rate is 
6% per annum.. What opportunities are there for an arbitrageur? 

In this case the present value of the strike price is 50ι-0.06 x 1j12 = 49.75. Because 

2.5 < 49.75 - 47.00 

the condition in equation (9.2) is violated. An arbitrageur should borrow $49.50 at 6% 
for one month, buy the stock, and buy the put option. This generates a profit in all 
circumstances. 
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If the stock price is above $50 in one month, the option expires worth1ess, but the 
stock can be sold for at 1east $50. A sum of $50 received in one month has a present va1ue 
of $49.75 today. The strategy therefore generates profit with a present va1ue of at 1east 
$0.25. 

If the stock price is be10w $50 in one month the put option is exercised and the stock 
owned is sold for exact1y $50 (or $49.75 in present va1ue terms). The trading strategy 
therefore generates a profit of exact1y $0.25 in present va1ue terms. 

Problem 9.13. 
Give an intuitive explanation of why the early exercise of an American put becomes 

moI'θ attI'active as the risk-free I'ate incI'easθs and volati1ity decreas臼.

The early exercise of an American put is attractive when the interest earned on the 
strike price is greater than the insurance e1ement 1ost. When interest rates increase, the 
va1ue of the interest earned on the strike price increases making early exercise more attrac
tive. When vo1ati1ity decreases, the insurance e1ement is 1ess va1uab1e. Again this makes 
early exercise more attractive. 

Problem 9.14. 
The price of a European call that θ'xpires in six months and has a strike price of $30 is 

$2. Thθ undeI'lying stock pricθ is $29, and a dividend of $0.50 is θ!xpectθd in two months 
and again in five months. The term stI'ucture is 丑at， with all I'isk吐白 interest rates being 
10%. What is the price of a European put option that expires in six months and has a 
strike price of $30? 

Using the notation in the chapter, put-call parity [equation (9.7)] gives 

C 十 Ke-rT 十 D=p 十 80

or 
p = c + K e-rT + D - 80 

In this c品e

p = 2 + 30e--0 lx6/12 + (0.5e-o lx2j12 十 0.5e-o lX5/12) ___ 29 = 2.51 

In other words the put price is $2.51. 

Problem 9.15. 
Explain carefully the arbitrage opportunities in Problem 9..1 4 if the European put 

price is $3. 

If the put price is $3.00, it is too high re1ative to the call price. An arbitrageur shou1d 
buy the call, short the put and short the stock. This generates -- 2 + 3 + 29 = $30 in cash 
which is invested at 10%. Regard1ess of what happens a profit with a present va1ue of 
3.00 - 2.51 = $0.49 is 10cked in. 
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If the stock price is above $30 in six months, the call option is exercised, and the 
put option expires worthless. The call option enables the stock to be bought for $30, or 
30e-0 1O x6/12 = $28.54 in present value terms. The dividends on the short position cost 
0.5e-OlX2/12 + 0.5e---OlX5/12 = $0.97 in present value terms so that there is a profit with 
a present value of 30 - 28.54 - 0.97 = $0.49. 

If the stock price is below $30 in six months, the put option is exercised and the call 
option expires worthless. The short put option leads to the stock being bought for $30, or 
30e-Ol0X6/12 = $28.54 in present value terms. The dividends on the short position cost 
0.5e-OlX2/12 十 0.5e-0 lX5/12 = $0.97 in present value terms so that there is a profit with 
a present value of 30 - 28.54 - 0.97 = $0.49. 

Problem 9.16. 
The price of an American call on a non-dividend-paying stock is $4. The stock price 

is $31, the strike price is $30, and the expiration date is in three months. The risk-企ee

interest rate is 8%. Derive upper and lower bounds for the price of an American put on 
the same stock with the same strike price and expiration date. 

From equation (9 .4) 

80 - K:三 c-_.p 三 80 _ Ke-rT 

In this case 
31 - 30 < 4 - P < 31 - 30e一O.的 xO..25

or 
1.00 < 4.00 - P < 1.59 

or 
2.41 < P < 3.00 

Upper and lower bounds for the price of an American put are therefore $2 .41 and $3.00. 

Problem 9.17. 
Explain carefully the arbitrage opportunities in Problem 9.16 if thθ American p l1 t 

price is greater than the calculated upper bound. 

If the American put price is greater than $3.00 an arbitrageur can sell the American 
put, short the stock, and buy the American call. This realizes at least 3 + 31 - 4 = $30 
which can be invested at the risk-free interest rate. At some stage during the 3-month 
period either the American put or the American call will be exercised. The arbitrageur 
then pays $30, receives the stock and closes out the short position. The cash flows to the 
arbitrageur are 十$30 at time zero and 一 $30 at some future time. These cash flows have a 
positive present value. 

Problem 9.18. 
Prove the result in equation (9.4). (Hint: For the flrst part of the relationship consider 

(a) a portfolio consisting of a European call plus an amount of cash equal to K and (b) a 
portfolio consisti峙。f an American p l1 t option pl l1s one share.) 
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As in the text we use c and p to denote the European call and put option price, and 
C and P to denote the American call and put option prices. Because P 三 p， it follows 
from put-call parity that 

P 三 C +ke--rT-So 

and since c 三 C ，
P 三 C + Ke- rT 

- So 

or 
C-P 三 So - K e--rT 

For a further relationship between C and P , consider 
Portfolìo 1: One European call option plus an amount of cash equal to K. 
Portfolío J;' One American put option plus one share. 

Both options have the same exercise price and expiration date. Assume that the cash in 
portfolio 1 is invested at the risk-free interest rate. If the put option is no七 exercised early 
portfolio J is worth 

max (ST , K) 

at time T. Portfolio 1 is worth 

m位 (ST - K , 0) + Ke7T = max (ST ,K) - K + KerT 

at this time. Portfolio 1 is therefore worth more than portfolio J. Suppose next that the 
put option in portfo1io J is exercised early, say, at time T. This means 七hat portfolio J is 
worth K at time T , However , even if the call option were worthless, portfolio 1 would be 
worth Ke7T at time T" It follows that portfolio 1 is worth at least as much as portfo1io J 
in all circumstances. Hence 

c+K::;' P+So 

Since c = C , 
C+K 三 P+So

or 
C --P 三 So-K

Combining this with the other inequality derived above for C - P , we obtain 

So- K 三 C-P 三三 So - Ke-rT 

Problem 9.19. 
Prove the result in eqt叫ion (9 ,, 8). (Hint: For the 丑rst part of the relationsl中 consider

(a) a portfolio consisting of a E盯opean call plus an amount of cash equal to D + K and 
(b) a portfolio consisting of an American p l1 t option pl l1s one share.) 

As in the text we use c and p to denote the European call and put option price, and 
C and P to denote the American call and put option prices. The present value of the 
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dividends will be denoted by D. As shown in the answer to Problem 9.18, when there are 
no dividends 

c-p 三 80 _ Ke-TT 

Dividends reduce C and increase P. Hence this relationship must also be true when there 
are dividends. 

For a further relationship between C and P , consider 
Portfolio 1: one European call option plus an amount of cash equal to D 寸-K

Portfolio J: one American put option plus one share 
Both options have the same exercise price and expiration date. Assume that the cash in 
portfolio 1 is invested at the risk-free interest rate. If the put option is not exercised early, 
portfolio J is worth 

m位 (8T ， K) + DeTT 

at time T. Portfolio 1 is worth 

max (8T - K , 0) + (D + K)eTT = max (8T , K) + DeT'T + K eTT - K 

at this time. Portfolio 1 is therefore worth more than portfolio J. Suppose next that the 
put option in portfolio J is exercised early, say, at time T. This means that portfolio J 
is worth at most K + DeTT at time T. Howev凹， even if the call option were worthless, 
portfolio 1 would be worth (D + K)eTT at time T. It follows that portfolio 1 is worth more 
than portfolio J in all circumstances. Hence 

C 十 D+K~三 P+80

Because C > c 
C-.p 三 S。一 D-K

Problem 9.20. 
Consider a 5-year employee stock option on a non-.dividend-paying stock. Tbe option 

can be exercised at any time after the end of the 五rst ycar. Unlikc a regular exchange
traded call option, the employee stock option cannot be sold. Wbat ís tbe likely impact of 
this restriction on tbe early exercise decision? 

Executive s七ock options may be exercised early because the executive needs the cash or 
because he or she is uncertain about the company's future prospects. Regular call options 
can be sold in the market in either of these two situations, but executive stock options 
cannot be sold. In theory an executive can short the company's stock as an alternative to 
exercising" In practice this is not usually encouraged and may even be illegal. 

Problem 9.21. 
Use tbe software DerivaGem to verii}r tbat Figures 9.1 and 9.2 are correct. 

The graphs can be produced from the first worksheet in DerivaGem. Select Equity 
as 七he Underlying Type. Select Analytic European as 七he Option Type. Input stock price 
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as 50, volatility as 30%, risk企ee rate as 5%, time to exercise as 1 year, and exercise price 
as 50.. Leave the dividend table blank because we are assuming no dividends. Select the 
button corresponding to call. Do not select the implied volatility button. Hit the Enter 
key and click on calculate.. DerivaGem will show the price of the option as 7.15562248. 
Move to the Graph Results on the right hand side of the worksheet.. Enter Option Price 
for the vertical axis and Asset price for the horizontal axis. Choose the minimum strike 
price value as 10 (software will not accept 0) and the maximum strike price value as 100. 
Hit Enter and click on Draw Graph. This will produce Figure 9.1a.. Figures 9.1c, 9.1e, 
9.2a, and 9.2c can be produced similarly by changing the horizontal axis. By selecting put 
instead of call and recalculating the rest of the figures can be produced. You are encouraged 
to experiment with this worksheet. Try different parameter values and different types of 
options. 

ASSIGN孔tJ:ENT QUESTIONS 

Problem 9.22. 
A European call option and put option on a stock both have a strike price of $20 and 

an expiration date in three months. Both sell for $3. The risk-企ee interest rate is 10% 
per annum, t118 current stock price is $19, and a $1 dividend is expected in one month. 
Identify the arbitrage opportunity open to a trader. 

If the call is worth $3, put-call parity shows that the put should be worth 

3+ 20e一o 10x3/12 +ε-0 1x 1/12 _ 19 = 4.50 

This is greater than $3 帽 The put is therefore undervalued relative to the call. The correct 
arbitrage strategy is to buy the put, buy the stock, and short the call “ This costs $19. If 
the stock price in three months is greater than $20, the call is exercised. If it is less than 
$20 , the put is exercised. In either case the arbitrageur sells the stock for $20 and collects 
the $1 dividend in one month. The present value of the gain 七o the arbitrageur is 

一3 - 19 + 3 + 20e-0 10x3/12 十 e-O lxl/12 二1.50

Problem 9.23. 
Suppose that Cl , C2 , and C3 arθ the prices of European cal1 options with strike prices 

Kl , K2 , and K3 , respectively, where K3 > K 2 > Kl and K3 -- K 2 = K 2 - Kl. A l1 options 
have the same maturity. Show that 

C2 三 0.5(C1 + C3) 

(Hint: Consider a portfo1io that is long one option with strike price K1' long ωe 
option with strike price K3 , and short two options with strike price K 2.) 
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Consider a portfolio that is long one option with strike price K l, long one option with 
strike price K3 , and short two options with strike price K 2. The value of the portfolio can 
be worked out in four different situations 

ST 三 K1 :

Kl < ST 三 K2 : 
K 2 < ST 三 K3 : 

ST > K3 : 

Portfolio Value 
Portfolio Value 
Portfolio Value 

Portfolio Value 

=0 
= ST - Kl 
= ST- Kl - 2(ST - K2) 
=K2 -K1 一 (ST - K2 ) 主 O
= ST - K 1 - 2(ST - K 2) + ST - K3 
= K 2 -- Kl 一 (K3 - K2) 
=0 

The value is always either positive or zero at the expiration of the option. In the 
absence of arbitrage possibilities it must be positive or zero today. This means that 

Cl + C3 - 2C2 言。

or 
C2 三 0.5(Cl + C3) 

Note that students often think they have proved this by writing down 

Cl 三 So-KIfTT

2C2 三 2(So - K 2e-TT ) 

C3 三 S。一- K3 e-TT 

and subtracting the middle inequality from the sum of the other two. But they are deceiv
ing themselves. Inequality relationships cannot be subtracted. For example, 9 > 8 and 
5 > 2, but it is not true that 9 - 5 > 8 - 2 

Problem 9.24. 
What is the result corresponding to that in Problem 9.23 for European put options? 

The corresponding result is 

P2 三 0.5(Pl 十 P3)

where 缸 ， P2 and P3 are the prices of European put option with the same maturities and 
strike prices Kl' K 2 and K3 respectively. This can be proved from the result in Problem 
9.23 using put-call parity. Alternatively we can consider a portfolio consisting of a long 
position in a put option with strike price K 1 , a long position in a put option with strike 
price K3 , and a short position in two put options with strike price K 2. The value of this 
portfolio in different situations is given as follows 

Sr 三 K1 : Portfolio Value = K 1 - ST 一 2(K2 --- ST) + K3 - ST 
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= K3 - K2 一 (K2 - K J) 
=0 
= K3 - ST 一 2(K2 -- ST) 
= K3 -- K2 一 (K2 - ST) 
>0 
= K3 -- ST 
=0 

Portfolio Value K 1 < ST 三 K2 : 

Portfolio Value 
Portfolio Value 

K 2 < ST 三 K3 : 
ST > K 3 : 

Because the portfolio value is always zero or positive at some future time the same must 
be true today. Hence 

Pl 十 P3 - 2P2 主。

P2 主 0.5(Pl 十 P3)
OI 

Problem 9.25. 
Suppose tllat you are the manager and sole owner of a híghly leveraged company. All 

the debt wíl1 mature ín one year吋 If at that tíme the value of the company ís greater than 
the face value of the debt, you wí11 pay off the debt. If the value of the company ís less 
than the face valuθ of the debt, you wíl1 declare bankruptcy and thθ debt 1101ders wíl1 own 
the company. 

Express your position as an option on the value of the company. 
Express the posítíon of the debt holders ín terms of optíons on the value of the 
company. 

c. What can you do to íncrease the value of your positíon? 

a. 
b 

(a) Suppose V is the value of the company and D is the face value of the debt. The value 
of the manager's position in one year is 

max(V - D , 0) 

This is the payoff from a call option on V with strike price D. 
The debt holders get 、

.
，
/

b '
，t
、

min(V, D) 

= D - max(D - V, 0) 

Since max(D - V, 0) is the payoff from a put option on V with strike price D , the debt 
holders have in effect made a risk-free loan (worth D at maturity with certainty) and 
written a put option on the value of the company with strike price D. The position 
of the debt holders in one ye但 can also be characterized as 

V- max(V --- D , 0) 

This is a long position in the assets of the company combined with a short position 
in a call option on the assets with a strike price of D. The equivalence of the two 
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characterizations can be presented as an application of put-call parity. (See Business 
Snapshot 9.1.) 

(c) The ma叫.ger can increase the value of his or her position by increasing the value of 
the call option in (a). It follows that the manager should attempt to increase both V 
and the volatility of V. To see why increasing the volatility of V is benefici祉， imagine 
what happens when there are large changes in V. If V increases, the manager benefits 
to the full extent of the change. If V decreases, much of the downside is absorbed by 
the company's lenders. 

Problem 9.26. 
Consider an option on a stock when the stock price is $41, the strike price is $40, the 

risk-企ee rate is 6%, the volatility is 35%, and the time to maturity is 1 year. Assume that 
a dividend of $0.50 is expected after six months. 

a. Use DerivaGem to value the option assuming it is a European call. 
b. Use DerivaGem to value the option assuming it is a European put. 
c. Verify that put-call parity holds. 
d. Explore using DerivaGem what happens to the price of thθ options as the time 

to maturity becomes very large. For this purpose assume there are no dividends. 
Explain the results you get. 

DerivaGem shows that the price of the call option is 6.9686 and the price of the put 
option is 4.1244. In this c品e

c+D 十 Ke-rT = 6.9686 十 0.5e- o 06xO.5 + 40e一 o 06xl = 45.1244 

Also 
p + S = 4.1244 + 41 = 45.1244 

As the time to maturity becomes very large and 出ere are no dividends , the price of the 
call option approaches the stock price of 41. (For example when T = 100 it is 40.94.) This 
is because the call option can be regarded as a position in the stock where the price does 
not have to be paid for a very long time. The present value of what has to be paid is close 
to zero. As the time to maturity becomes very large the price of the European put option 
becomes close to zero. (For example when T = 100 it is 0.04.) This is because the present 
value of what might be received from the put option becomes close to zero. 
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CHAPTERI0 
Trading Strategies lnvolving Options 

N otes for the Instructor 

This chapter covers various ways in w hich traders can form portfolios of calls and 
puts to get interesting payoff patterns. For ease of exposition, the time value of money is 
ignored in payoff diagrams and payoff tables. 

Students usually enjoy the chapter. As each spread strategy is covered, 1 like to use 
put--call parity to relate the cost of the spread created using calls to the cost of a spread 
created using puts. (See Problems 10.8 and 10.11) This reinforces the Chapter 9 material 
on put~call parity. It can be useful to cover Business Snapshot 10.1 in class. 

Problem 10.19 can be used for class discussion. Problems 10..20, 10.21 , 10.22, and 
10.23 can be used as hand-in assignments. 

QUESTIONS AND PROBLEMS 

Problern 10.1. 

What is meant by a protective put? What position in call options is equivalent to a 
protectíve put? 

A protective put consists of a long position in a put option combined with a long 
position in the underlying shares. It is equivalent to a long position in a call option plus 
a certain amount of cash.. This follows from put--call parity: 

p+ So = c 十 Ke~TT + D 

Problern 10.2. 
Explain two ways in which a bear spread can be created. 

A bear spread can be created using two call options with the same maturity and 
di旺8rent strike prices.. The investor shorts the call option with the lower strike price and 
buys the call option with the higher strike price.. A bear spread can also be created using 
two put options with the same maturity and different strike prices. In this case, the investor 
shorts the put option with the lower strike price and buys the put option with the higher 
strike price. 

Problern 10.3. 
When is it appropriate for an investor to purchase a buttC1丑Iy spread? 
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A butterfl.y spread involves a position in options with three di在'erent strike prices 
(K1 , K2 , and K 3 ). A butterfl.y spread should be purchased when the investor considers 
that the price of the underlying stock is likely to stay close to the central strike price, K 2. 

Problem 10.4. 

Call options on a stock are avai1able 圳的 strike prices of $15, $17~ ， and $20 and 
expiration datθs in tbree montbs. Their prices are $4, $2, and $~， respectively. Explain 
how thθ options can be used to create a butterf1y spread. Construct a table showing how 
pro丘t varies with stock price for the butterf1y spread. 

An investor can create a butterfl.y spread by buying call options with strike prices of 
$15 and $20 and selling two call options with strike prices of $17!. The initial investment 
is 4 + ! -- 2 x 2 = $ ~. The following table 恥.ws the variation of p吋t with the final stock 
pnce: 

Problem 10.5. 

Stock Price 
ST 

ST < 15 
15 < ST < 17~ 
17~ < ST < 20 

ST > 20 

Pro且t

(ST-11)-i 
(20-sf)-i 

Wbat trading strategy creates a reverse calendar spread? 

A reverse calendar spread is created by buying a short-maturity option and selling a 
long--maturity option, both with the same strike price. 

Problem 10.6. 
Wbat is the difIerence between a strangle and a straddle? 

Both a straddle and a strangle are created by combining a long position in a call with 
a long position in a put. In a straddle the two have the same strike price and expiration 
date. In a strangle they have different strike prices and the same expiration date. 

Problem 10.7. 
A call option with a strike price of $50 costs $2. A put optíοn witb a strike price of 

$45 costs $3. Explain how a strangle can be created 企om these two options. What is the 
pattern of profits 企om the strangle? 

A strangle is created by buying both options. The pattern of profits is as follows: 
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Problem 10.8. 

Stock Price 
ST 

ST < 45 
45 < ST < 50 

ST > 50 

Profit 

(45 - ST) 一 5
--5 

(ST -- 50)- 5 

Use put-call parity to relate the initial investment for a bull spread created using calls 
to the initial investment for a bull spread created using puts. 

A bull spread using calls provides a profit pattern with the same general shape as a 
bull spread using puts (see Figures 10.2 and 10.3 in the text). Define Pl and Cl as the 
prices of put and call with strike price K 1 and P2 and C2 as the prices of a put and call 
with strike price K2 時 F:rom put-call parity 

Pl + S = Cl 十 K1 e-rT

P2 十 S = C2 十 K2 e--rT

Hence: 
Pl -- P2 = Cl - C2 一 (K2 - K 1)e-rT 

This shows that the initial investment when the spread is created from puts is less than 
the initial investment when it is created from calls by an amount (K2 - Kde-- rT . In fact 
as mcntioncd in the text the initial investment when the bull spread is created from puts 
is negative, while the initial investment when it is created from calls is positive. 

The profit when calls are used to crea七e the bull spread is higher than when puts are 
used by (K2 - Kd(l -- e- rT ). This refiects the fact that the call strategy involves an 
additional risk-free investment of (K2 --K1 ) ε -rT over the put strategy. This earns interest 
of (K2 - K 1)e-rT (erT -1) = (K2 - K I)(l- e-rT ). 

Problem 10.9. 
Explain how an aggressive bear spread can be created using put options. 

An aggressive bull spread using call options is discussed in the text. Both of the 
options used have relatively high strike prices. Simi1arly, an aggressive bear spread can 
be created 的時 put options. Both of the options should be out of the money (tl叫 is ，

they should have relatively low strike prices). The spread then costs very litt1e to set up 
because both of the puts are worth close to zero. In most circumstances the spread will 
provide zero payoff" Howev凹， there is a small chance that the stock price will fall fast so 
that on expiration both options will be in the money" The spread then provides a payoff 
equal to the difference between the two strike prices, K 2 - K 1 . 
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Problern 10.10. 
Suppose that put options on a stοck with strike prices $30 and $35 cost $4 and $7, 

respectively. How can the options be used to create 伊.) a bull spread and (b) a bear 
spread? Construct a table that shows the profi. t and payoff for both spreads帽

A bull spread is created by buying the $30 put and selling the $35 put. This strategy 
gives rise to an initial cash infiow of $3. The outcome is as follows: 

Stock Price 

ST 三 35

30 三 ST < 35 
ST < 30 

Payoff 

O 
ST -- 35 

-5 

Pro且t

3 
ST - 32 

-2 

A bear spread is created by selling the $30 put and buying the $35 put. This strategy 
costs $3 initially. The outcome is as follows: 

Stock Price 

ST 三三 35 
30 三 ST < 35 
ST < 30 

Problern 10.11. 

Payoff 

。
35-- ST 

5 

Profit 

…3 
32 - ST 

2 

Use put--cal1 parity to show that the cost of a butterfly spread created 企om European 
puts is identical to the cost of a butterfly spread crθated 企om European calls. 

Define Cl , C2 , and C3 as the prices of calls with strike prices K 11 K 2 and K3' Define Pl , 
P2 and P3 as the prices of puts with strike prices Kl1 K 2 and K3' With the usual notation 

Hence 

Cl + K 1e-rT = Pl + S 

C2 + K 2e--rT = P2 + S 

C3 十 K3e-rT = P3 十 S

Cl + C3 - 2C2 + (K1 十 K3 - 2K2)e-rT = Pl 十 P3 - 2P2 

Because K 2 - Kl = K3 - K 21 it follows that K 1 + K3 一 2K2 = 0 and 

Cl + C3 - 2C2 = Pl + P3 一 2P2

The cost of a butterfiy spread created using European calls is therefore exactly the same 
as the cost of a butterfiy spread created using European puts. 
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Problem 10.12. 
A call with a strike price of $60 costs $6. A put with the same strike price and 

expiration date costs $4. Construct a table that shows the pro丑t 企om a straddle. For 
what range of stock prices would the straddle lead to a loss? 

A straddle is created by buying both the call and the put. This strategy costs $10. 
Thc pro缸/loss is shown in thc following table: 

Stock Price Payoff Profit 

ST > 60 
ST 三 60

ST -_. 60 

60- ST 
ST -70 
50- ST 

This shows that the stradd1e will 1ead to a 10ss if the final stock price is between $50 and 
$70. 

Stock Price 
Range nA o m

划
的
內
叮

叮
叭

叭
P

R
M
吋

O I
扣

Payo宜 from

Short Put Option 
Total 
Payoff 

Problem 10.13. 
Construct a table showing the payoff企om a bull spread when puts with strike prices 

Kl and K 2 are used (K2 > K 1 ). 

The bull spread is created by buying a put with strike price Kl and selling a put with 
strike price K 2 • The payoff is calculated as follows: 

ST 三 K2
Kl < ST < K 2 

ST 三 Kl

O 
O 

K 1 - ST 

O 
ST - K 2 

ST-- K 2 

。
一 (K2 -- ST) 
一 (K2 -- K 1 ) 

Problem 10.14. 
An investor believes that there wil1 be a big jump in a stock price, but is uncertain 

as to the direction. Identi命 six different strategies the investor can follow and explain the 
differences among them. 

Possible strategies are: 

Strangle 
Straddle 
Strip 
Strap 
Reverse calendar spread 
Reverse butterfiy spread 
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The strategies all provide positive profits when there are large stock price moves. A 
strangle is less expensive than a straddle, but requires a bigger move in the stock price in 
order to provide a positive profit. 8trips and straps are more expensive than straddles but 
provide bigger profits in certain circumstances. A strip will provide a bigger profit when 
there is a large downward stock price move. A strap wi1l provide a bigger profit when 
there is a large upward stock price move. In the case of strangles, straddles, strips and 
straps, the profit increases as the size of the stock price movement incre帥的. By contrast 
in a reverse calendar spread and a reverse butterfly spread there is a maximum potential 
profit regardless of the size of the stock price movement. 

Problern 10.15. 
How can a forward contract on a stock with a particular delivery price and delivery 

date be created from options? 

8uppose that the delivery price is K and the delivery date is T. The forward contract 
is created by buying a European call and selling a European put when both options have 
strike price K and exercise date T. This portfolio provides a payoff of ST -- K under all 
circumstances where ST is the stock price at time T. 8uppose that Fo is the forward price. 
If K= 此， the forward contract 七hat is created has zero value. This shows that the price 
of a call equals the price of a put when the strike price is .Fò. 

Problern 10.16. 
“A box spread comprises four options. Two can be combined to create a long for

ward position and two can be combined to create a short forward position." Explain this 
statement. 

A box spread is a bull spread created using call~ and a bear spread created using 
puts. With the notation in the text it consists of a) a long call with strike Kl' b) a short 
call with strike K2 , c) a long put with strike K2' and d) a short put with strike Kl' a) 
and d) give a long forward contract with delivery price K 1; b) and c) give a shor七 forward
contract with delivery price K 2 . The two forward contracts taken together give the payo缸
of K 2 .-. Kl' 

Problern 10.17. 
What is the result if the strike price of the put is higher than the strike price of the 

call in a strangle? 

The result is shown in Figure 810. 1. The profit pattern from a long position in a call 
and a put when the put has a higher strike price than a call is much the same as when the 
call has a higher strike price than the put. Bo七h the initial investment and the final payoff 
are much higher in the first case. 

Problern 10.18. 
One Australian dollar is currently worth $0.64. A one-year butter丑'y spread is set up 

using Eumpean call options with strike prices of $0.60, $0.65, and $0.70. The risk-企ee
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Figure 810.1 Profit Pattern in Problem 10.17 

interest rates in the Unitθd States and Australia are 5% and 4% respectively, and the 
volati1ity of the exchange rate is 15%. Use the Dθ'rívaGem software to calculate the cost of 
setting up the butter丑y spread position. Show that the cost is the same if European put 
options are usθd instead of European call options. 

To use DerivaGem select the first worksheet and choose Currency as the Underlying 
Type. Select Analytic European as the Option Type. Input exchange rate as 0.64, volatility 
as 15%, risk-free rate as 5%, foreign risk-free interest rate as 4% , time to exercise as 1 
year , and exercise price as 0.60. Select the button corresponding to call. Do not select the 
implied volatility button. Hit the Enter key and click on calculate. DerivaGem will show 
the price of the option as 0.0618. Change the exercise price to 0.65, hit Enter, and click 
on calculate again. DerivaGem will show the value of the option as 0.0352. Change the 
exercise price to 0.70, hit Enteηand click on calculate. DerivaGem will show the value of 
the option as 0 ,, 018L 

Now select the button corresponding to put and repeat the procedure.. DerivaGem 
shows the values of puts with strike prices 0.60, 0.65 , and 0.70 to be 0.0176, 0.0386, and 
。..0690 ， respectively. 

The cost of setting up the butterfly spread when calls are used is therefore 

0.0618 十。..0181 - 2 x 0.0352 = 0.0095 

The cost of setting up the butterfly spread when puts are used is 

0.0176 + 0.0690-- 2 x 0.0386 = 0.0094 

Allowing for rounding errors these two are the sarne. 
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ASSIGNMENT QUESTIONS 

Problem 10.19. 

Three put options on a stock have the same expiration date and strike prices of $55, 
$60, and $65. The market prices are $3, $5, and $8, respectively. Explain how a butter丑y
spread can be created. Construct a table showing the profìt 企om the strategy. For what 
ranglθ of stock prices would the butterf1y spread lead to a loss? 

A butterfly spread is created by buying the $55 put, buying the $65 put and selling 
two of the $60 puts. This costs 3 十 8 - 2 x 5 = $1 initially. The following table shows the 
profitjloss from the strategy. 

Stock Price 

ST 主 65

60 三 ST < 65 
55 三 ST < 60 
ST < 55 

Payoff 

。
65 - 8T 
ST - 55 

。

Profit 

64 -- ST 
ST 一 56

-1 

The butterfly spread leads to a loss when the final stock price is greater then $64 or less 
than $56. 

Problem 10.20. 

A diagonal spread is created by buying a call with s訂'ike price K 2 and exercise date 
12 and selling a call with strike price Kl and exercise date n (T2 > Td. Drawa diagram 
showing the pro丑t when (a) K 2 > Kl and (b) K 2 < Kl' 

There are two alternative profit patterns for part (a). These are shown in Figures 
M lO.1 and M lO.2. In Figure MI0.l the 10月 maturity (high strike price) option is worth 
more than the short maturity (low strike price) option. In Figure M lO.2 the reverse is 
true. There is no ambig此y about the profit pattern for part (b). This is shown in Figure 
MI0.3. 
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Figure MI0.2 Investor's Profit/Loss in Problem 10.20a 
when short maturity call is worth more than long maturity call 
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Figure M10.3 Investor's Pro航/Loss in Problem 10.20b 

Problem 10.21. 
Drawa diagram showing the variation of an investor's profit and 10ss with the termina1 

stock price for a portfo1io consisting of 
a. One share and a short position in one call option 
b. Two shares and a short position in one ca11 option 
c. One share and a short position in two call options 
d. One share and a short position in four ca11 options 

111 each case, “ sume that the call option has an exercise price equa1 to the current 
stock price. 

The variation of an i盯estor's profit/loss with the terminal stock price for each of the 
four strategies is shown in Figure M lO.4. In each case the dotted line shows the profits 
from the components of the investor's position and the solid line shows the total net profit. 

Problem 10.22. 
Suppose that the price of a non-dividend-paying stock is $32, its vo1atility is 30%, and 

the risk-企ee rate for a11 maturities is 5% per annum , Use DerivaGem to calcu1ate the cost 
of setting up the following positions. 1n each case provide a tab1e showing the re1ationship 
between profit and fina1 stock price. Ignore the impact of discounting. 

a. A bul1 spread using European call options with strike prices of $25 and $30 and 
a maturity of six months. 

b. A bear spread using European put options with strike prices of $25 and $30 and 
a maturity of six months 

c. A butter丑'y spread using European call options with strike prices of $25, $30, and 
$35 and a maturity of one year" 

d. A butter丑y spread using European put options with strike prices of $25, $30, and 
$35 and a maturity of one year. 

e. A stradd1e using options with a strike price of $30 and a six-month maturity. 
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f. A strangle using options with strike prices of $25 and $35 and a sixωmonth ma
turity. 

(a) A call option with a strike price of 25 costs 7.90 and a call option with a strike price of 
30 costs 4.18. The cost of the bull spread is therefore 7.90 - 4.18 = 3.72. The profits 
ignoring the impact of discounting are 

Stock Price Range 

ST 三 25

25 < ST < 30 
ST ~三 30

Profit 

一3.72

ST- 28.72 
1.28 

(b) A put option with a strike price of 25 costs 0.28 and a put option with a strike price of 
30 costs 1.44.. The cost of the bear spread is therefore 1.44 - 0.28 = 1.16. The profits 
ignoring the impact of discounting are 

Stock Price Range 

ST 三 25
25 < ST < 30 

ST ~三 30

(恥c) Call op抖tio叫ns滔s with ma叫仙tu叫1

Profit 

十3.84

28.84 - ST 
一1. 16

5..60, and 3.28, respectively. The cost of the butterfiy spread is therefore 8.92 + 3..28-
2 x 5.60 = 1.00. The profits ignoring the impact of discounting are 

Stock Price Range 

ST 三三 25 
25 < ST < 30 
30 三 ST < 35 

ST 三 35

Profit 

-1.00 
ST - 26..0。
34..00 - ST 

一1.00

(d) Put options with maturities of one year and strike prices of 25, 30, and 35 cost 0.70, 
2.14 , 4..57, respectively. The cost of the butterfiy spread is therefore 0.70 + 4.57 - 2 x 
2.14 = 0..99. Allowing for roundi時 errors ， this is the same as in (c). The profits 訂e

the same as in (c).. 
(e) A call option with a strike price of 30 costs 4..18. A put option with a strike price of 

30 costs 1.哇4. The cost of the straddle is therefore 4.18 十1.4吐= 5.62. The profits 
ignoring the impact of discounting are 
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(f) 

Profit 

Profit 

Stock Price Range 

ST 三 30

ST > 30 

S T 

ST 

Profit 

24.58 - ST 
ST 一 35.62

Profit 

(b) 

Profit 
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Figure MI0 .4 1盯estor's Profit/Loss in Problem 10.21 

ST 

ST 

A six-month call option with a strike price of 35 costs 1.85. A six-month put option 
with a strike price of 25 costs 0.28. The cost of the strangle is therefore 1.85 + 0.28 = 
2.13. The profits ignoring the impact of discounting are 
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Problem 10.23. 

Stock Price Range 

ST 三 25

25 < ST < 35 
ST 三 35

Profit 

22.87 -- ST 
-2.13 

ST 一 37.13

What trading position is created from a long strangle and a short straddle when both 
have the same time to maturity? Assume that the strike price in the straddle is half way 
between the two strike prices in the strangle. 

A butterfly spread is created. 
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N otes for the Instructor 

CHAPTER 11 
Binomial Trees 

This chapter discusses binomial trees. It enables some of the key concepts in option 
valuation to be introduced at a relatively early stage in a course. It includes material 
on the use of binomial trees for index options, currency options, and futures options (see 
Section 11. 9). 

The one-.step binomial model can be used to demonstrate both no-arbitrage and risk
neutral valuation arguments. 1 like to first go through the arguments using the numerical 
example in the text and then generalize them by introducing some notation. After two
and three-step trees have been covered students should have a good apprecia七ion of the 
way in which multistep trees are used to value options. DerivaGem provides a convenient 
way of displaying trees in class. The material on delta serves as an introduction to the 
hedging material in Chapter 17. 

Any of Problems 11.16 to 11.22 can be used as assignments. 1 usually discuss 11.22 
in class. 

QUE8TION8 AND PROBIJE孔18

Problem 11.1. 
A stock price is currently $40. Jt is known that at the end of one month it wiJl be either 

$42 or $38“ The risk-free interest rate is 8% per annum with continuous compounding. 
What is the value of a one-month European call option with a strike price of $397 

Consider a portfolio consisting of 
一 1 : Call option 
寸~: Shares 

If the stock price rises to $42, the portfolio is worth 42~ - 3. If the stock price falls 
to $38, it is worth 38~. These are the same when 

42~ - 3 = 38~ 

or ~ = 0.75. The value of the portfolio in one month is 28.5 for both stock prices. Its 
value today must be the present value of 28.5, or 28.5e--008x008333 = 28.31. This means 
that 

f+' 40~ = 28..31 

where f is the call price. Because ~ = 0.75, the call price is 40 x 0.75- 28.31 = $1.69. 
As an alternative approach, we can calculate the probability, p, of an up movement in a 
risk-neutral world. This must satisfy: 

42p 寸 38(1 - p) 二 40e008 X 008333 

126 



so that 
4p = 40eo 08x008333 - 38 

or p = 0.5669. The value of the option is then its expected payoff discounted at the risk明free
rate: 

[3 x 0.5669 十 o x 0 .4331]e-0 心<0.08333 = 1.69 

or $1.69. This agrees with the previous calculation. 

Problem 11.2. 
Explaín the no.-arbítrage and rísk-.neutral valuatíon approaches to valuíng a European 

option using a one-step binomial 缸'ee.

In the no-arbitrage approach, we set up a riskless portfolio consisting of a position in 
the option and a position in the stock. By setting the return on the portfolio equal to the 
risk-free interest rate, we are able to value the option. When we use risk-neutral valuation, 
we first choose probabilities for the branches of the tree so that the expected return on 
the stock equals the risk-free interest rate. We then value the option by calculating its 
expected payoff and discounting this expected payoff at the risk-free interest rate. 

Problem 11.3. 

What is meant by tlw delta of a stock option 7 

The delta of a stock option measures the sensitivity of the option price to the price of 
the stock when small changes are considered. Speci且cally， it is the ratio of the change in 
the price of the stock option to the change in the price of the underlying stock. 

Problem 11 .4. 
A stock pIke is cUITently $50. It is known that at the end of six months it wil1 be eíther 

$45 or $55. The rísk-free interest rate ís 10% per annum with contínuous compoundíng. 
What ís the va1ue of a síx..month European put option with a stríke price of $507 

Consider a portfo1io consisting of 
一 1 : Put option 
十，6. : Shares 

If the stock price rises to $55, this is worth 55,6.. If the stock price falls to $45 , the 
portfolio is worth 45L\ - 5. These are the same when 

45,6. - 5 = 55L\ 

or L\ = -0..50. The value üf the portfo1io in six rnonths is -27.5 for both stock prices. Its 
value today rnust be the present value of -27..5, or --27.5e.--01 x05 = --.26.16. This rneans 
that 

---} + 50~ = -26.16 

where f is the put price “ Because ~ =-0.50, the put price is $1. 16. As an alternative 
approach we can calculate the probability, p, of an up rnovernent in a risk-.neutral world. 
This must satisfy: 

55p 十 45(1 - p) = 50eo lxO 5 
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so that 
10p = 50eOlX05 - 45 

or p 二 0.7564. The value of the option is then its expected payoff discounted at the risk-free 
rate: 

[0 x 0.7564 + 5 x 0.2436]e-O 1 沁 5 = 1.16 

or $1. 16. This agrees with the previous calculation. 

Problem 11.5. 
A stock price 1s currently $100. Over each of the next two six-month periods it is 

expected to go up by 10% or down by 10%. The risk-free interest rate is 8% per annum 
with continuous compounding. What is the value of a one-year European call option with 
a strike price of $100? 

In this case u = 1.10, d = 0.90, ~t = 0.5, and T = 0.08, so that 
e008XO 5 - 0.90 

p= 一一一一一一一一= 0.7041 
1.10- 0.90 

The tree for stock price movements is shown in Figure 811.1. We can work back fr叫n
the end of the tree to the beginning, as indicated in the diagram, to give the value of the 
option as $9.61. The option value can also be calculated directly from equation (11.10): 

[0.7041 2 x 21 十 2 x 0.7041 x 0.2959 x 。十 0.29592 x Oje-2X008XO 5 = 9.61 

or $9.61. 
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Figure 811.1 Tree for Problem 11.5 
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Problem 11.6. 
For the situation considered in Problem 11.5, what is the value o1'a one-year European 

put option with a strike price 0 1' $100? Verify that thθ European call and European put 
prices satis命 put-call parity. 

Figure 811.2 shows how we can value the put option using the same tree as in Problem 
11.5. The value of the option is $1.92. The option value can also be calculated directly 
from equation (1 1.10): 

e一2X008X05[0.70是1 2 X 0 十 2 x 0.7041 x 0.2959 x 1 十 0.29592 x 19] 二1.92

or $1..92. The stock price plus the put price is 100 + 1.92 = $101.92. The present value of 
the strike price plus the call price is 100e-O.08xl + 9.61 = $101.92. These are the same, 
verifying that put-call parity holds. 

Problem 11.7. 

100 
1.9203 

Figure S1 1.. 2 

21 

。

99 

Tree for Problem 11..6 

What are the formulas for u and d in terms of volatility? 

u=eσv'Lit and d = e一σ-.liSi
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Problem 1 1.8. 
Consider the situation in which stock price movements during the life of a European 

option are governed bya two-step binomial tree. Explain why it is not possible to set up 
a position in the stock and the option that remains riskless for the whole of the life of the 
option. 

The riskless portfolio consists of a short position in the option and a long position in 
ß shares. Because ß changes during the life of the option, this riskless portfolio must also 
change. 

Problem 11.9. 
A stock price is currently $50柵 It is known that at the end of two months it wi11 be 

either $53 or $48. Thθ risk-企ee interest rate is 10% per annum with continuous compound悶，

ing" What is the value of a two-month European call option with a strike prioθof $49? 
Use no-arbitrage arguments. 

At the end of two months the value of the option will be either $4 (if the stock price 
is $53) or $0 (if the stock price is $48). Consider a portfolio consisting of: 

十ß shares 
-1 option 

The value of the portfolio is either 48ß or 53ß -- 4 in two months. If 

48ß = 53ß- 4 

1.e. , 
ß =0.8 

the value of the portfolio is certain to be 38.4. For this value of ß the portfolio is therefore 
riskless. The current value of the portfolio is: 

0.8 x 50 _. f 

where f is the value of the option. Since the portfolio must earn the risk-free rate of 
interest 

(0.8 x. 50 - f) eo 10x2j12 = 38.4 

1.e. , 
f = 2 ,, 23 

The value of the option is therefore $2.23. 
This can also be calculated directly from equations (1 1.2) and (1 1.3). u 二1.06 ，

d = 0.96 so that 

and 

eO lOx2j12_ 0 ,, 96 
p= 一一一一一一一一一= 0.5681 

1.06 - 0.96 

f=e一 010x2j12 x 0.5681 x 4 = 2.23 
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Problem 11.10. 
A stock price is currently $80. It is known that at the end 01 four months it wil1 be 

either $75 or $85. The risk司企ee interest mte is 5% pe1' annum with continuous compound
ing. What is the value of a four- ,month European put option with a strike price of $80? 
Use no-arbitrage arguments. 

At the end of four months the value of the option will be either $5 (if the stock price 
is $75) or $0 (if the stock price is $85). Consider a portfolio consisting of: 

-~ shares 
+1 option 

(Note: The delta, ~ of a put option is negative. We have constructed the portfolio so that 
it is 十 1 option and - ~ shares rather than -1 option and + ~ shares so that the initial 
investment is positive.) 

The value of the portfolio is either -85~ or 一75~ 十 5 in four months. If 

一85~ = -， 75~ + 5 

1.e. , 
~=一。..5

the value of the portfolio is certain to be 42..5. For this value of ~ the portfolio is therefore 
riskless “ The current value of the portfolio is: 

0.5 x 80 + J 

(0..5 x 80 + J)eo 05x4/12 = 42.5 

where J is the value of the option. Since the portfolio is riskless 

1.e. , 
f = 1.80 

The value of the option is therefore $1.80. 
This can also be calculated directly from eq助tions (1 1.. 2) and (1 1. 3). 包二1.0625 ，

d 三 0.9375 so that 
whU At qd 
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p 

1-p 二 O吋3655 and 
f =e-O O5 × 4/12 × 0.3655 × 5=1.80 

Problem 11.11. 
A stock price is currently $40. It is known that at the end of three months it wi11 

be either $45 0 1' $35. The risk-free mte of interest with qua1'terly compounding is 8% 
per annum , Calculate the value of a three-month European put option on the stock with 
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an exercise price of $40. Veriijr tbat no-arbitrage arguments and risk-neutral va1uation 
arguments give tbe same answers. 

At the end of three months the value of the option is either $5 (if the stock price is 
$35) or $0 (if the stock price is $吐5).

Consider a portfolio consisting of: 

-.6. shares 
十1 option 

(Note: The delta, .6., of a put option is negative. We have constructed the portfolio so that 
it is +1 option and --.6. shares rather than -1 option and 十.6. shares so that the initial 
investment is positive.) 

The value of the portfolio is either -35.6. + 5 or -45.6.. If: 

--35.6. + 5 二 -45.6.

l.e. , 
.6. = -0.5 

the value of the portfolio is certain to be 22.5. For this value of .6. the portfolio is therefore 
riskless. The current value of the portfolio is 

40.6. + f 

where f is the value of the option. Since the portfolio must earn the risk-free rate of 
interest 

(40 x 0.5 + f) x 1. 02 二 22.5

Hence 
f = 2.06 

i.e" , the value of the option is $2.06., 

This can also be calculated using risk-neutral valuation. Suppose that p is the prob
ability of an upward stock price movement in a risk-neutral world. We must have 

45p + 35(1 - p) = 40 x 1..02 

l.e. , 
10p = 5.8 

or: 
p = 0.58 

The expected value of the option in a risk-neutral world is: 

。 x 0.58 十 5 x 0 .42 = 2.10 
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This has a present value of 

This is consistent with the no-arbitrage answer. 

Problem 11.12. 
A stock price is currently $50. Over each of thθ next two three..month periods it is 

θxpected to go up by 6% or down by 5%" The risk-企ee interest rate is 5% per annum with 
continuous compounding. What is the value of a six-month European call option with a 
strike price of $51? 

A tree describing the behavior of the stock price is shown in Figure 811.3. The risk
neutral probability of an up move, p, is given by 

eO 05x3/12 -- 0.95 
p= -~ 一一 - -一 = 0.5689 

There is a payoff from the option of 56.18 ..- 51 = 5.18 for the highest final node (which 
correspo吋s to two up moves) zero in all other cases. The value of the option is therefore 

5 ,, 18 X 0.56892 x e-o 05x6/12 = 1.635 

This can also be calculated by working back through the tree as indicated in Figure 811.3. 
The value of the call option is the lower number at each node in the figure. 

50 
1..635 

Problem 11.13. 

56..18 
5.18 

50..35 

。

、 45..125

。

Figure S1 1.3 Tree for Problem 11.12 

For the situatíon considered in Problem 11.12, what is the value of a six-month Euro
pean put option with a strike price of $51? Veri命 that the European call and European put 
prices satisfy put-ca11 parity. If the put optíon were American, would it ever be optimal 
to exercise it earlyat any of the nodes on the tæe? 
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The tree for valuing the put option is shown in Figure 811 .4. We get a payoff of 
51 一 50.35 = 0.65 if the middle final node is reached and a payo証 of 51- 45.125 = 5.875 if 
the lowest final node is reached. The value of the option is therefore 

(0.65 x 2 x 0.5689 x 0.4311 + 5.875 x 0.43112)e-005X6/12 = 1.376 

This can also be calculated by working back through the tree as indicated in Figure 811.4. 
The value of the put plus the stock price is from Problem 11.12 

1.376 + 50 = 51.376 

The value of the call plus the present value of the strike price is 

1.635 + 51e-o.05X6/12 = 51.376 

This verifies that put-call parity holds 
To test whether it worth exercising the option early we compare the value calculated 

for the option at each node with the payoff from immediate exercise. At node C the payoff 
from immediate exercise is 51...- 47.5 = 3.5. Because this is greater than 2.8664, the option 
should be exercised at this node. The option should not be exercised at either node A or 
node B. 

50 
1..376 

Problem 11.14. 

56.18 
0 

50..35 
0..65 

45125 
5..875 

Figure 811.4 'lÌ'ee for Problem 11.13 

A stock price is currently $25. It is known that at the end of two months it wil1 
be either $23 or $27. The risk-企ee interest rate is 10% per annum with continuous com
poundíng.. Suppose Sr is the stock price at the end of two months. What is the value of 
a derivatíve that pays off崢 at this time? 

At the end of two months the value of the derivative will be either 529 (if the stock 
price is 23) or 729 (if the stock price is 2'7). Consider a portfolio consisting of: 

+.6. shares 
一-1 derivative 
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The value of the portfolio is either 27 ð. - 729 or 23ð. - 529 in two months. If 

27 ð. - 729 = 23ð. - 529 

1.e. , 
ð. = 50 

the value of the portfolio is certain to be 621. For this value of ð. the portfolio is therefore 
riskless. The current value of the portfolio is: 

50 x 25 - f 

where f is the value of the derivative. , Since the portfolio must earn the risk-free rate of 
interest 

(50 x 25 - f)e o lOx2j12 = 621 

1.e. , 
f = 639.3 

The value of the option is therefore $639.3. 
This can also be calculated directly from equations (1 1.2) and (1 1.3). u 之1.08 ，

d = 0.92 so that 
eO 10x2j12 - 0.92 

p= 一一一一一一一一= 0.6050 
1.08 - 0 ,, 92 

and 
f = e-o 

lO X2 j 12(0.6050 x 729 十。..3950 x 529) 二 639..3

Problem 11.15. 
Calculate u , d, and p wllen a binomial treθ is constructed to value an option on a 

foreign currency. Tllθ tree step size is one mοn曲， tlle domestic interest rate is 5% per 
annum， 的e foreign inter臼t rate is 8% per annum, and tlle volatility is 12% per annum. 

In this case 
α=ε(005-0 08)xlj12 = 0.9975 

u = eO 12圳市二 1.0352
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ASSIGNMENT QUESTIONS 

Problem 11.16. 
A stock price is currently $50. It is known that at the end of six months it wil1 

be either $60 or $42. The risk企ee rate of interest with continuous compounding is 12% 
per annum. Calculate the value of a six-month European call option on the stock with 
an exercise price of $48. 時rify that no-arbitrage arguments and risk-neutral valuation 
arguments give the same answers. 

At the end of six months the value of the option will be either $12 (if the stock price 
is $60) or $0 (if the stock price is $42). Consider a portfo1io consisting of: 

+ß shares 
-1 option 

The value of the portfolio is either 42ß or 60ß - 12 in six months. If 

42ß = 60ß -- 12 

l.e.) 

ß = 0.6667 

the value of the portfolio is certain to be 28. For this value of ß the portfolio is therefore 
riskless. The current value of the portfolio is: 

0.6667 x 50 - f 

where f is the value of the option. Since the portfolio must earn the risk-free rate of 
interest 

(0.6667 x 50 一 f)eo 12x05 = 28 

l.e.) 

f = 6.96 

The value of the option is therefore $6.96. 
This can also be calculated using risk-neutral valuation. Suppose that p is the prob-

ability of an upward stock price movement in a risk-neutral world. We must have 

60p + 42(1 - p) = 50 x e006 

Le.) 

18p = 11.09 

or: 
p = 0..6161 

The expected value of the option in a risk-neutral world is: 

12 x 0.6161 + 0 x 0.3839 = 7.3932 
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This has a present value of 
7.3932e-006 = 6.96 

Hence the above answer is consistent with risk-neutral valuation. 

Problem 11.17. 
A stock price is currently $40. Over each of the next two threφmonth periods it is 

expected to go up by 10% or down by 10%. The risk-企ee interest rate is 12% per annum 
with continuous compounding. 

a. What is the value of a six-month European put option with a strike price of $42? 
b. What is the value of a six-month American put option with a strike price of $42? 

(a) A tree describing the behavior of the stock price is shown in Figure M11.1. The 
risk-.neutral probability of an up move, p, is given by 

e012X3j12_ 0.90 
p= 一一一一一一一一-=-:- = 0.6523 

1.1 - 0.9 

Calculating the expected payoff and discounting, we obtain the value of the option as 

[2 .4 x 2 x 0.6523 x 0.3477 + 9.6 x 0.34772]e-.012x6j12 = 2.118 

The value of the European option is 2.118. This can also be calculated by working 
back through the tree as shown in Figure M11.1. The second number at each node is 
the value of the European option .. 

(b) The value of the American option is shown as the third number at each node on the 
tree. It is 2.537. This is greater than the value of the European option because it is 
optimal to exercise early at node G. 

44.000 

36 000----__ 32400 
4..759 、-.. 9..600 
6..000 9β00 

Figure Ml1.1 Tree to evaluate European and American put options in Problem 11.17. 
At each node, upper number is the stock price; next number is 
the European put price; final number is the American put price 
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Problem 11.18. 

Using a “trial-and-error" approach, estimate how high the strike price has to be in 
Problem 11.17 for it to be optimal to exercise the option immediately. 

Trial and error shows that immediate early exercise is optimal when the strike price 
is above 43.2. 

This can be also shown to be true algebraically. Suppose the strike price increases 
by a relatively smal1 amount q. This increases the value of being at node C by q and the 
value of being at node B by 0.3477e-003q = 0.3374q. It therefore increases the value of 
being at node A by 

(0.6523 x 0.3374q + 0.3477q)e-003 = 0.551q 

For early exercise at node A we require 2.537十0.551q < 2 卡q or q > 1.196. This corresponds 
to the strike price being greater than 43.196. 

Problem 11.19. 

A stock price is currently $30吋 During each two-month period for the next four months 
it is expected to increase by 8% or reduce by 10%. The risk-free interest rate is 5%. Use 
a two-step tree to calculate the value of a derivative that pays off [m位(30 --- ST, 0]2 where 
ST is the stock price in four months? If the derivative is American-style, should it be 
exercised early? 

This type of option is known as a power option. A tree describing the behavior of the 
stock price is shown in Figure M1 1.2. The risk-neutral probability of an up move, p, is 
given by 

AU qL AU 
A
υ
 

nu --ω
一

JU-QU 

侃
一
吋

22HU X-AU 
臼

-
1

、
J

一

e

一一


p 

Calculating the expected payoff and discounting, we obtain the value of the option as 

[0.7056 x 2 x 0.6020 x 0.3980 + 32.49 x 0.39802je-005X4/12 = 5.394 

The value of the European option is 5.39在 This can also be calculated by working back 
through the tree as shown in Figure M11.2. The second number at each node is the value 
of the European option. 

Early exercise at node C would give 9.0 which is less than 13.2449. The option should 
therefore not be exercised early if it is American. 
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30..000 
5394 

32 .400 
0 .2785 

F 

34.922 
0.000 

29..160 
0..7056 

24.300 
32 .49 

Figure 孔11 1.2 n.ee to evaluate European power option in Problem 11.19. 
At each node, upper number is the stock price; next number is 

the option price 

Problem 11.20. 
Consider a European call option on a non-dividend..paying stock where the stock price 

is $40, the strike price is $40, the risk個free rate is 4% per annllm , the volati1ity is 30% per 
annllm , and the time to matllrity is six months. 

a. Calclllate u , d, and p for a two step tree 
b. Value the option using a two step tree. 
c. Veri命 that DerivaGem gives the same answer 
d. Use DerivaGem to value the option with 5, 50, 100, and 500 time steps.. 

(a) This problem is based on the material in Section 11.8. In this case .t:.t = 0.25 so 
that u = eO . 30X VQ:育工 1. 1618 ， d = 1ju = 0.8607, and 

eOO哇X 025 _ O.8607 
p= 一一一 -一一= 0..4959 

1.1618 - 0.8607 

(b) and (c) The value of the option 1叫時 a two-step tree as given by DerivaGem is 
shown in Figure M1 1.3 to be 3.3739. To use DerivaGem choose the first worksheet, 
select Equity as the underlying type, and select Binomial European as the Option 
Type. After carrying out the calculations select Display 1Iee. 

(d) With 5，凹， 100, and 500 time steps the value of the option is 3.9229, 3.7394, 
3.7478, and 3.7545, respectively. 
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At each node: 
Upper value = Underlying Asset Price 
Lower value = Option Price 

Values in red are a result of early exercise.. 

Strike price = 40 
Discount factor per step = 0.9900 
Time step , dt = 0.2500 yea舟， 91 25 days 
G rowth factor per step , a = 1 0101 
P robability of up m ove , p = 0.4959 
Up step size , u = 1 1618 
Down step size , d = 0.8607 

Node Time 
00000 02500 o 5000 

Figure 孔11 1.3 Tree produced by DerivaGem to evaluate European 
option in Problem 11.20. 

Problem 11.21. 
Repeat Problem 11.20 for an American put option on a futures contract. The strike 

price and the futures price are $50, the risk-free rate is 10%, the tíme to maturity is six 
months, and the volati1ity is 40% per annum. 

(a) In this case !J. t = 0.25 側的= e040Xv'芷若= 1.2214, d = 1ju = 0.8187, and 

e01XO 25 - 0.8187 
p= 一一一一一一一一一一一= 0.4502 

1.2214 -.- 0.8187 

(b) and (c) The value of the option using a two-step tree is 4.8604. 

(d) With 5, 50, 100, and 500 time steps the value of the option is 5.6858, 5.3869, 
5.3981, and 5.4072, respectively. 
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Problem 11.22. 
Footnote 1 shows that the correct discount rate to use for the real world expected 

payoff in the case of the call option considered in Figure 11.1 is 42.6%. Show that if 
the option is a put rather than a call the discount rate is -52.5%. Explain why the two 
real-world discount rates are so diflerent. 

The value of the put option is 

(0.6523 x 0 + 0.3477 x 3)e-O 12x3j12 = 1.0123 

The expected payoff in the real world is 

(0.7041 x 0 + 0.2959 x 3) = 0.8877 

The discount rate R that should be used in the real world is therefore given by solving 

1.0123 = 0.8877e--o 25R 

The solution to this is -0.525 or 52.5%. 
The call option has a high positive discount rate because it has high positive system

atic risk. The put option has a high negative discount rate because it has high negative 
systematic risk. 
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CHAPTER 12 
Wiener processes and Itô冶 Lemma

N otes for the Instructor 

The chapter provides some basic knowledge about Wiener processes, develops the 
geometric Brownian motion model of stock price behavior, and covers Itδ's lemma. The 
book has been designed so that this chapter can be skipped if the instructor considers 
it too technical. For example, a popular way of using the book for a first MBA elective 
in derivatives is to assign the first 18 chapters, excluding Chapter 12 and Section 13.6 of 
Chapter 13. 

1 find that most students have surprisingly little di血culty with the material in Chapter 
12. 1 usually start by discussing the dis七inction between continuous time and discrete time 
stochastic processes and the distinction between continuous variable and discrete variable 
stochastic processes. 1 do this with simple examples of models of stock price movements. 
A discrete time, discrete variable model would be one where every day a stock price has a 
probability Pl of moving up by $1 , a probability P2 of remaining the same, and a probability 
P3 of moving down by $1. A continuous time, discrete variable model would be one where 
price changes of $1 are generated by a Poisson process. A discrete time, continuous variable 
model would be one where in each small time in七erval ， stock price movements are sampled 
from a continuous distribution. The main purpose of the chapter is to develop a continuous 
time, continuous variable model as a limiting case of this last model. 

The nature of Markov processes and the fact that they are consistent with market 
e晶ciency needs to be explained careful1y. 1 find it useful to discuss Problems 12.1 and 12.2 
in class. 

1 explain Wiener processes by starting with a discrete time, continuous variable model 
where values ofthe variable are observed every year. 1 assume that the change in the value 
of the variable during the year is a random sample from the distribution <jJ (0, 1). (Note 
that the second argument of <jJ is the variance not the standard deviation.) 1 then suppose 
that values of the variable are observed every 6 months and ask what distribution for 6-
month changes is consistent with the distrib叫on of 1-year changes. The answer is <jJ (0 , ~). 
When 3-mo叫h changes are considered, the distribution is <jJ(0 , 0.25). When time intervals 
of length l1 t are considered, the distribution is <jJ (0 , l1 t). A random sample from <jJ(0 , l1t) 
is ev互t. This explains where the definition of a Wiener process comes from. In particular 
it explains why we take the square root of time.. Once Wiener processes a 
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All of Problems 12.12 to 12.16 work well as assignment questions. 

QUESTIONS AND PROBLEMS 

Problem 12.1. 
What would it mean to assert that thθ temperature at a certain place fo l1ows a Markov 

process? Do you think that temperatures do, in fact , follow a Markov process? 

Imagine that you have to forecast the future temperature from a) the current temper
ature, b) the history of the temperature in the last week, and c) a knowledge of seasonal 
averages and seasonal trends. If temperature followed a Markov process, the history of the 
temperature in the last week would be irrelevant. 

To answer the second part of the question you might like to consider the following 
scenario for the first week in May: 

(i) Monday to Thursday are warm days; today, Friday, is a very cold day. 
(ii) Monday to Friday are all very cold days. 

1月lhat is your forecast for the weekend? If you are more pessimistic in the case of the 
second scenario, temperatures do not follow a Markov process. 

Problem 12.2. 
Can a trading rule based on the past history of a stock's price ever produce returns 

that are consistently above average? Discuss “ 

The first point to make is that any trading strategy can, just because of good luck, 
produce above average returns. The key question is whether a trading strategy consistently 
outperforms the market when adjustments are made for risk. It is certainly possible that a 
trading strategy could do this. However, when enough investors know about the strategy 
and trade on the basis of the strategy, the pro丑t will disappear. 

As an illustration of this, consider a phenomenon known as the small firm effect.. 
Portfolios of stocks in small firms appear to have outperformed portfolios of stocks in large 
firms when appropriate adjustments are made for risk. Papers were published about this 
in the early 1980s and mutual funds were set up to take advantage of the phenomenon. 
There is some evidence that this has resulted in the phenomenon disappearing. 

Problem 12.3. 
A company's cash position , measured in millions of dolla凹， follows a genera1ized 

Wiener process with a drift rate of 0.5 per quartθ'r and a variance rate of 4.0 per quarter. 
How higll does the company's initial casll position have to be for the company to have a 
less than 5% chance of a negative cash position by the end of one year? 

Suppose that the company's initial cash position is x. The probability distribution of 
the cash position at the end of one year is 

cþ(x 十 4 x 0.5,4 x 4) = cþ(x + 2..0, 16) 
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where cþ(m, v) is a norrr也1 probability distribution with mean m and variance v. The 
probability of a negative cash position at the en吐 of one year is 

N(一廿戶)
where N(x) is 七he cumulative probability that a standardized normal variable (with mean 
zero and standard deviation 1.0) is 1ess than x. From norma1 distribution tab1es 

N(一斗斗= 0.05 

when: 
x+2.。

一 4一= -1.6449 

i.e. , when x = 4.5796. The initia1 cash position must therefore be $4.58 million. 

Problenl 12 .4. 
Variables X 1 and X 2 follow generalized Wiener processes witb drift rates μ1 and μ2 

and variances σ?and σ~. Wbat process does X1 + X 2 follow if: 
(a) Tbe cbanges in X 1 and X2 扣 any sbort interval of time are uncorrelated? 
(b) Tbere is a correlation ρ between tbe cbanges in X 1 and X 2 in any sbort interval 

oftime? 

(a) Suppose that X 1 and X 2 equa1 α1 and 的 initially. After a time period of 1ength T , 
X 1 has the probability distribution 

拉(α1+μ1T， σîT)

and X 2 has a probability distribution 

快(α2 十 μ2T， σ~T)

From the property of sums of independent normally distributed variab1es, X 1 十 X2
has the probability distribution 

cþ(α1+μ1T + α2 十 μ2T， σfT 十 σ~T)

1..e. , 
cþ [α1 十 α2 十 (μ1 十 μ2)T， (σ? 十 σ~)T]

This shows that X 1 + X 2 follows a generalized Wiener process with drift rate μ1+μ2 
and variance rate σ? 十 σ2.

(b) In this case the change in the va1ue of X 1 十 X2 in a short interval of time flt has the 
probability distribution: 

cþ [(μ1+μ2)flt ， (σ?+σ; 十 2ρσ1σ2)flt]
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If μ1 ，肉， σ1 ， σ2 and ρare all constant, arguments similar to those in Section 12.2 
show that the change in a longer period of time T is 

爭 [(μ1+μ2)T， (σî+σ~+2ρσ1σ2)T] 

The variable, X1 十 X2 ， therefore follows a generalized Wiener process with drift rate 
μ1 十 μ2 and variance rate σí+σ2 十 2ρσ1σ2.

Problem 12.5. 
Consider a variable, S , that follows the process 

dS= μ dt+ σ dz 

For the nrst three J'iθars ， μ= 2 and σ= 3; for the next three y，θars， μ= 3 and σ =4. If 
thθ initial value of the variable is 5, what is the probabi1ity distribution of the valuθ ofthe 

variable at the end of year six? 

The change in S during the first three years has the probability distribution 

快(2 x 3, 9 x 3) = 4> (6, 27) 

The change during the next three years has the probability distribution 

4> (3 x 3, 16 x 3) = 4> (9, 48) 

The change during the six years is the sum of a variable with probability distribution 
4> (6, 27) and a variable with probabi1ity distribution φ(9 ， 48). The probability distribution 
of the change is therefore 

4> (6 + 9,27 + 48) 

= 4>(15 , 75) 

Since the initial value of the variable is 5, the probability distribution of the value of the 
variable at the end of year six is 

4> (20, 75) 

Problem 12.6. 
Sl1pPοse that G is a function of a stock price, S and time. S l1ppose that σs and σG 

are the volati1ities of S and G. Show that when the expθcted rθturn of S increases by λσs ， 

the growth ratθ of G increases by λσG ， where λ is a constant. 

From Itô's lemma 

Also the drift of G is 

σG δG S 
二百互σs :J

δGδG 1δ2G 'l_'l 

一一μS 十一一+一一一 σ可=
θSθt ' 2θS2 

145 



where μis the expected return on the stock. When μincreases by λσs ， the drift of G 
increases by 

S S 
σ
 

-A 
G-S Ad-no 

or 
λσcG 

The growth rate of G, therefore, increases by λσG ﹒ 

Problem 12.7. 
Stock A and stock B both follow geometric Brownian motion. Changes in any short 

interval of time are uncorrelated with each other. Does the value of a portfolio consisting 
of one of stock A and one of stock B follow geometric Brownian motion? Explain your 
answer. 

Define SA ， μA and σA as the stock price, expected return and volatility for stock A. 
Define SB ， μB and σB as the stock price, expected return and volati1ity for stock B. Define 
ð.S A and ð.S B as the change in S A and S B in time ð.t. Since each of the two stocks follows 
geometric Brownian motion, 

ð.SA = μASAð.t+ σASAEA ý'互Z

ð.SB = μBSBð.t 十 σBSBEB ý'平:

where EA and EB are independent random samples from a normal distribution. 

ð.SA + ð.SB = (μASA+ μBSB)ð.t + (σASAEA + σBSB叫J函

This cαnnot be written as 

ð.SA 十 ð.SB = μ(SA + SB) ð.t +σ(SA + SB)EJð.t 

for any constants μand σ. (Neither the drift term nor the stochastic term correspond.) 
Hence 七he value of the portfolio does not follow geometric Brownian motion. 

Problem 12.8. 
The process for the stock price in equation (1 2.8) 的

ð.S = μS ð.t+ σSE ý'瓦2

wbere μ and σare constant. Explain carefully the difference between this model and 
each of the following: 

ð.S = μ ð.t+ σE ý'互l

ð.S = μS ð.t +σcJ互t

ð.S = μ ð.t + OBE Jð.t 
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Why is the model in equation (12.8) a more appropriate model of stock price behavior 
than any of these three alternatives? 

In: 
D.S = μSD.t+ σSEVEi 

the expected increase in the stock price and the variability of the stock price are constant 
when both are expressed as a proportion (or as a percentage) of the stock price 

In: 
D.S = μD.t+ σε必2

the expected increase in the stock price and the variability of the stock price are constant 
in absolute terms. For example, if the expected growth rate is $5 per annum when the 
stock price is $25, it is also $5 per annum when it is $100. If the standard deviation of 
weekly stock price movements is $1 when the price is $25, it is also $1 when the price is 
$100. 

In: 
D.S = μSD.t +σEVÎ:l t 

the expected increase in the stock price is a constant proportion of the stock price while 
the variability is constant in absolute terms. 

In: 
D.S= μD.t 十 σSn/三7

the expected increase in the stock price is constant in absolute terms while the variability 
of the proportional stock price change is constant. 

The model: 
D.S= μSD.t+ σSEV三7

is the most appropriate one since it is most rea1istic to assume that the expected percentαge 
return and the variability of the percentαge return in a short interval are constant. 

Problem 12.9. 
It has been suggested that tlle short-term interest rate, r , follows the stoc1lastic process 

dr = α(b-- r) dt+ rc dz 

where a, b, and c are positive constants and dz is a Wiener process. Describe the nature 
of this process. 

The drift rate isα(b - r). Thus, when the interest rate is above b the drift rate is 
negative and, when the interest rate is below b, the drift rate is positive. The interest rate 
is therefore continually pulled towards the level b. The rate at which it is pulled toward 
this level is α. A volatility equal to c is superimposed upon the “pull" or the drift. 

Suppose α= 0.4, b = 0.1 and c = 0.15 and the current interest rate is 20% per annum. 
The interest rate is pulled towards the level of 10% per annum. This can be regarded as a 
long run average. The current drift is .-4% per annum so that the expected rate at the end 
of one year is about 16% per annum. (In fact it is slightly greater than this, because as the 
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interest rate decreases, the “pull" decreases.) Superimposed upon the drift is a volatility 
of 15% per annum. 

Problem 12.10. 
Suppose that a stock price, S , follows geometric Brownian motion with expected 

return μand vo1atility σ: 
dS= μSdt 十 σSdz

What is the process followed by the variab1e Sn? Show that Sn a1so follows geometric 
Brownian motion. 

If G(S, t) = Sηthen δGjδt = 0, åGjδS= ηsn- l， and å2G jθS2 = n(n - l)Sη-2 
Using Itô's lemma: 

的=[川+←(η - 1)a2G] dt +叫dz
This shows that G = Sn follows geometric Brownian motion where the expected return is 

μη+;你 -1)a2

and the volatility is nσ. The stock price S has an expected return of μand the expected 
value of ST is SoeμT The expected value of S乎 is

sge[μ肘 ~n(n-l)σ2]T

Problem 12.1 1. 
Suppose that x is the yie1d to maturity with continuous compounding on a zero圓coupon

bond that pays off $1 at time T. Assume that x follows the process 

dx= α(xo - x) dt 十 sxdz

where α ， xo , and s are positive constants and dz is a Wiener process. What is the process 
followed by the bond price? 

The process followed by B , the bond price, is from Itô's lemma: 

fδB δB 1δ2B 叮叮1 θB 
dB= I 一一 α(xQ _. x) + 一一+一: s "1. x "1. 1 dt + τsxdz I åx ~\-v - / ' åt ' 2θx2 ~ ~ I _V , å 

Since: 
B = e-x(T-t) 

the required partial derivatives are 

åB 
一一 = xe-x(T-t) = xB 
δt 
δB 
石=一(T - t)e-x(T一九一(T 一個

δ2B 
百ZE-=(T-t)26-z(T-t)=(T-t)2B
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Hence: 

dB = [一α仲 x)戶)+x 十 jtz2(刊2] Bdt -- 8x(T 一枷Z

ASSIGNMENT QUESTIONS 

Problem 12.12. 
Suppo8e that a stock price has an expected return of 16% per annum and a volati1ity 

of 30% per annum. When the stock price at the end of a certain day is $50, calculate the 
following: 

(a) The expected stock price at the end of the next day. 
(b) The standard deviation of the stock price at the end of the next day. 
(c) The 95% confidence limits for the stock price at the end of the next day. 

With the notation in the text 

ð.S <) 

-37~ ￠(μ缸 ， 0'" ð. t) 

In this case S = 50 ， μ 三 0.16 ， σ= 0.30 and ð. t = 1/365 = 0ω 

and 

that is, 

ð.S 
一一f"V <þ (0.16 x 0.00274, 0 ,, 09 x 0.00274) 
50 

= <jJ (0β0044 ， 0.000247) 

ð.S ,'-' <jJ (50 x 0.00044, 502 x 0.000247) 

6.S ,'-' <jJ (0.022 , 0..6164) 

(a) The expected stock price at the end of the next day is therefore 50.022 
(b) The standard deviation of the stock price at the end of the next day is 卅五百4 = 0.785 
(c) 95% confidence limits for the stock price at the end of the next day are 

50 ,, 022 - 1.96 x 0.785 and 50.022 + 1.96 x 0..785 

1.e. , 
生8 .48 and 51.56 

Note that some students may consider one trading day rather than one calendar day. 
Then ð. t = 1/252 = 0.00397" The answer to (a) is then 50.032. The answer to (b) is 0..945. 
The answers to part (c) are 48.18 and 5 1. 88 他
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Problem 12.13. 
A company's cash position, measured in m il1ions of dol1ars, fol1ows a generalized 

Wiener process with a drift ratθof 0.1 per month and a variance rate of 0.16 per month. 
The initial cash position is 2.0. 

(a) What are the probabi1ity distributions of the cash position after one month, six 
months, and one year? 

(b) What are the probabi1ities of a nega封閉 cash position at the end of six months 
and one year? 

(c) At what time in the future is the probabi1ity of a negative cash position greatest? 

(a) The probability distributions are: 

</>(2.0 斗 0.1 ， 0.16) = </>(2.1 ,0.16) 

</>(2.0 + 0.6, 0.16 x 6) = </>(2.6, 0.96) 

</>(2.0 + 1.2, 0.16 x 12) = </>(3.2, 1.96) 

(b) The chance of a random sample from 帶(2.6 ， 0.96) being negative is 

N(品)=N叫5)

where N(x) is the cumulative probabi1ity that a standardized normal variable [i.e. , a 
variable with probabi1ity distribution </>(0, 1)] is less than x. From normal distribution 
tables N(一2.65) = 0.0040. Hence the probability of a neg前ive cash position at the 
end of six months is 0.40%. 
Similarly the probability of a negative cash position at 七hc end of one year is 

N(一品)=N叫0) = 0.0107 

or 1.07%. 
(c) In general the probability distribution of the cash position at 七he end of x months is 

</>(2.0 十 O.lx ， 0.16x) 

The probabi1ity of the cash position being negative is maximized when: 

…
一
而

is minimized. Define 

2.0 + O.lx 
y= 一一一一r==- = 5x一直十 0.25計

0.4、/x

dy 
t一 = --2.5x- 2 十 0.125x- 2
αx 

= x-~(-2.5 + 0.125x) 
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This is zero when x = 20 and it is easy 七o verify that d2y/dx2 > 0 for this value of 
x. It therefore gives a minimum value for y . Hence the probability of a negative cash 
position is greatest after 20 months. 

Problem 12.14. 
Suppose that x is the yield on a perpetual government bond that pays interest at the 

rate of $1 per annum. Assume that x is expressed with continuous compounding, that 
interest is paid continuously on the bond, and that x follows the process 

dx= α(xQ - x) dt 十 sxdz

where α ， xQ , and s are positive constants and dz is a Wiener process. What is the process 
fo11o附d by the bond price? What 品的e expected instantaneous return (including interest 
and capital gains) to the holder of the bond? 

The process followed by B , the bond price, is from Itô's lemma: 

r8B δB 1 δ2B ..., ...，lδB 
dB= I 一α(XQ - x) 十一十一一τsγI dt +~=- sxdz I 8x - \ - V - I • 8t . 2 8x2 ~ - I 

1n this case 
1 

B= 一
Z 

so that: 

δB =0: δB 1 δ2B 2 
2 ' δx2 x3 θt ~， δx x 

Hence 
z d z s 吟

-
9臼

]-z 
ι
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J
Z
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The expected instantaneous rate at which capital gains are earned from the bond is there
fore: 

~2 

一 α(XQ - x) 主+忌的

The expected interest per unit time is 1. The total expected instantaneous return is 
therefore: 

~2 

1 一仰。 - x)主卡孟

When expressed as a proportion of the bond price this is: 

(1 一伽

=z-i(20-z) 川2
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Problem 12.15. 
If 8 follows the geometric Brownian motion process in equation (1 2.6), what is the 

process followed by 
a. y = 28 
b. y = 8 2 

c. y = eS 

d pq三L

In each case express the coe血cients of dt and dz in terms of y rather than 8. 

( a) In this case δy/δ8 = 2, ä
2y/δ82 = 0, and δy/δt = 0 so that Itô's lemma gives 

dy = 2μ8dt 十 2σ8dz

or 
dy= μydt+ σydz 

(b) In this case θy/θ8 = 28, ä
2y/δ82 = 2, and δy/δt = 0 so tha t Itô 's lemma gives 

dy = (2μ82 十 σ282 ) dt + 2σ82 dz 

or 
dy = (2μ+σ2)y dt 十 2σydz

( c ) In this case θy/θ8 = eS
, ä

2y/θ82 = eS
, and θy/δt = 0 so that Itô's lemma gives 

(d) 

dy = (μ8es 十 σ282eS /2) dt 十 σ8es dz 

or 
dy = [μyl吋十 σ2y (ln y)2 /2] dt 十 σyl吋 dz

In this case δy/δ8 = _er(T-t) /82 = --y/8 ， δ2y/δ82 = 2er(T-t) 
/ 8

3 = 2y/82
, and 

θv/θt = _rer(T-t) /8= --ry so that Itô's lemma gives 

dy = (-ry 一 μU 十 σ2y) dt 一 σydz

or 
dy = 一 (r + μ ← σ2)y dt 一 σydz

Problem 12.16. 
A stock price is currently 50. Its expected return and volati1ity are 12% and 30%, 

respectively. What is the probabi1ity that the stock price wi11 be greater than 80 in two 
years? (Hint 8T > 80 when ln 8T > ln 80.) 

The variable ln 8T is normally distributed with mean ln 8 0 + (μ 一 σ2/2)T and standard 
deviation σVT. In this case 8 0 = 50 ， μ= 0.12, T = 2, and σ= 0.30 so th叫 the mean 
and standard deviation of ln 8T are ln 50 十 (0.12.- 0.32/2)2 = 4.062 and 0.3V立= 0.424, 
respectively , Also, ln 80 4.382. The probability that 8T > 80 is the same as the 
probability that ln 8T > 4.382. This is 

( 4.382 戶一 4 ，， 062\
1- N ( 一一一一一.= I = 1- N(0.754) 

\ 0 .424 J 
where N(x) is the probability that a normally distribu七ed variable with mean zero and 
standard devíatíon 1 ís 1ess than x. }'rom the tabìes at the back of the book N(O.彷徨) = 
O 岫 775 so that the required probability is 0.225. 
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CHAPTER 13 
The Black-Scholes---Merton Model 

Notes for the Instructor 

This chapter covers important material: the lognormality of stock prices, the calcu
lation of volatility from historical data, the Black-Scholes-Merton differential equation, 
risk-neutral valuation, the Black-Scholes-Merton option pricing formulas , implied volati1-
ities , and the impact of dividends. Section 13.6 should be skipped if Chapter 12 has not 
already been covered “ 

The distinction between 
μthe expected rate of return in a short period of time, and 

μ 一 σ2/2: the expected c∞on吋m
usually causes some problems. 1 have tried a few different approaches and think that the 
one that is now in the text works reasonably well. 

Business Snapshot 13 ,2 on the causes of volatility generally leads to a lively discussion. 
1 find that students have an easier time than academics in accepting that trading itself 
causes volatility! 

When presenting Black-Scholes-Merton arguments 1 point out that in any small in-, 

terval of time llt , the stock price and the option price are perfectly correlated" This is the 
same as saying that the ratio llc/ llS is constant where llc and llS are the change in c 
and S in time llt respectively. It is possible to set up a portfolio consisting of a position 
in the derivative and a position in the stock which is, for the next small interval of time 
llt , riskless. (For example, if 

全三= 0.4 
llS 

a short position in 100 of the derivative security when combined with a long position in 40 
of the stock is risk1ess for time II t.) This is essentially w 1叫 B1ack ， Sch01es, and Merton did 
to derive their differential equation. After presenting the Black-Scholes--Merton differential 
equation 1 like to got through Example 13.5 on forward contracts in class. Later the same 
example can be used to illustrate risk-neutral valuation. 

The risk-neutra1 va1uation argument must be covered carefully. It cannot be empha
sized often enough that we are not assuming risk neutrality. It just happens that the value 
of a derivative security is independent of risk preferences. 

When the Black-Sch01es-Merton equation for pricing a call option is presented, stu
dents sometimes ask for the intuition behind it and are frustrated that they cannot easily 
derive it., 1 point out that a European call option h01der gets ST -- K whenever ST > K. 
This means that the option h01der is long a security that pays off ST when ST > K and 
short a security that pays off K when ST > K. The first security is known as an asset.., 
or-nothing call. The second security is known as a cash-or-nothing call. The probability 
that ST > K in a risk-neutra1 world is N(d2 ). (See Prob1em 13.22). The expected payoff 
from the second security in a risk-neutral world is therefore K N(也). From risk-.neutral 
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valuation, the value of the security is K N(d2 )e-rT • The value of the first security can also 
be calculated using risk-neutral valuation. It turns out to be SoN(dd. (Students have 
to take this on faith). Putting the two results together we get the Black-Scholes-Merton 
formula for a European call option. 

When calculating the cumulative normal distribution function, most students will 
choose to use the table at the end of the book or the Excel function NORMSDIST. The 
polynomial approximation may be useful if they choose to write their own software. 1 
encourage students to develop their own Excel worksheets for option pricing as well as 
using DerivaGem. 

All the assignment questions work well. My favorite is 13.28. 

QUESTIONS AND PROBLEMS 

Problem 13.1. 
What does the Black-Scholes-Merton stock option pricing model assume about the 

probabí1ity distribution of the stock price in one year? What does it assume about the 
continuously compounded rate of return on the stock during the year? 

The Black-Scholes-Merton option pricing model assumes that the probability distri-
bution of the stock price in 1 year (or at any other future time) is lognormal. It assumes 
that the continuously compounded rate of return on the stock during the year is normally 
distributed. 

Problem 13.2. 
The volati1ity of a stock price is 30% per annum. What is the standard deviation of 

the percentage price change in one trading day? 

The standard deviation of the percentage price change in time 6t isσJ互t where σ 
is the volatility. In this problem σ= 0.3 and, assuming 252 trading days in one year, 
6t = 1/252 = 0.004 so thatσví5:i = 0.3V百五位= 0.019 or 1.9%. 

Problem 13.3. 
Explain the principle of risk-neutral valuation. 

The price of an option or other derivative when expressed in terms of the price of the 
underlying stock is independent of risk preferences. Options therefore have the same value 
in a risk-neutral wor1d as they do in the real wor1d. We may therefore assume that the 
wor1d is risk neutral for the purposes of valuing options. This simplifies the analysis. In 
a risk-neutral world all securities have an expected return equal to risk-free interest rate" 
AIso, in a risk-neutral world, the appropriate discount rate to use for expected future cash 
fiows is the risk咀free interest rate. 
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Problem 13 .4. 
Calculatθ the price of a thre• month European put option on a non-dividend-paying 

stock with a strike price of $50 when the current stock price is $50, the risk-企ee interest 
rate is 10% per annum, and the volati1ity is 30% per annum. 

In this case 80 = 50, K = 50 ， γ= 0.1 ， σ= 0.3, T = 0.25, and 

d, 峙。/則十 (0.1 + 0.09/2)0.25 
一一一一一一一一 一一一一一一= 0.2417 

0.3v'0.25 

d2 = d1 - 0.3而.25 = 0.0917 

The European put price is 

50N(一0.0917)e-OlX025 -- 50N( 一 0.2417)

= 50 x 0.4634e-0 lxO 25 --- 50 x 0.4045 = 2.37 

or $2.37. 

Problem 13.5. 
What difference does it make to your calculations 的 Problem 13.4 if a dividend of 

$1.50 is expected in two months? 

In this case we must subtract the present value of the dividend from the stock price 
before using Black-Scholes. Hence the appropriate value of 80 is 

80 = 50- 1.50e--0 1667xO.l = 48.52 

As before K = 50, r = 0.1 ， σ= 0.3, and T = 0.25. In this case 

的 ln(48 ，， 52/50) + (0.1 + 0.09/2)0.25 
一一一一一一一一一一一一一一一= 0.0414 

0.3v'0.25 

d2 = d1 - 0 ,, 3VO:-25 = -0.1086 

The European put price is 

50N(0.1086)e---OlX025 - 48.52N(一0.0414)

= 50 x 0 ，， 5432ε一01x025 _ 48 ,, 52 x O.生835 三 3.03

or $3.03" 

Problem 13.6. 
What is implied volatility? How can it be calculated? 

The implied volatility is the volatility that makes the Black-Scholes price of an option 
equal to its market price. It is calculated using an iterative procedure “ 
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Problem 13.7 
A stock pr吋ice is currently $40. Assume that the expected return 企om the stock is 15% 

and that its volatility is 25%. What is the probability distribution for the rate of return 
(with continuous COl叩ounding) earned over a two-year period? 

In this c組eμ= 0.15 and σ= 0.25. 對om equation (13.7) the probability distribution 
for the rate of return over a 2-year period with continuous compounding is: 

l.e. , 
<þ(0.11875 , 0.03125) 

The expected value of the return is 11.875% per annum and the standard deviation is 
Ý'Õ刀訂琵 ω17.68% per annum. 

Problem 13.8. 
A stock price follows geometric Brownian motion with an expected return of 16% and 

a volatility of 35%. The current price is $38. 
(a) What is the probabi1ity that a European call option on the stock with an eXIθrcise 

price of $40 and a maturity date in six months wil1 be exercised? 
(b) What is the probabi1ity that a European put option on the stock with the samθ 

exercise price and maturity wil1 be exercised? 

(a) The required probability is the probability of the stock price being above $的 in six 
months' time. Suppose that the stock price in six months is ST 

l.e. , 

0.352 內
lnST f"'J <þ(ln38 + (0.16 一一一一)0.5 ， 0.35這 x 0.5) 

2 

ln ST f"'J <þ(3.687 , 0.06125) 

Since ln 40 = 3.689, the required probability is 

1--N(~忠言吋= 1- N(O.O的)

From normal distribution tables N(0.008) = 0.5032 so that the required probability 
is 0.4968. In general the required probability is N(d2 ). (See Problem 13.22). 

(b) In this c剖e the required probability is the probability of the stock price being less 
than $40 in six months' time. It is 

1 - 0.4968 = 0.5032 
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Problem 13.9. 
Prove that with the notation in the chapter, a 95% confìdence interval for ST is 

between 
Soe(μ一σ2 j2)T- 1. 96σJ于 and SOe(μ一σ2 j2)T十1.96σJ于

From equation (13.3): 

_2 

lnST r-...J 叫1nSo 十 (μ 一去 )T，(J2月

95% confidence intervals for ln ST are therefore 

1nSo 十伊三)T -- 1 枷佇

and 

1心 (μ- 三)T+ 1 枷佇
95% confidence intervals for ST are therefore 

eln so 十 (μ一σ2j2)T--L96σJ于

and 
elIK So 斗 (μ一σ2 j2)T十1. 96σ V'T

l.e. 
Soe(μ一σ2 j2)T- 1. 96σJ于

and 
Soe(μ一σ2 j2)T十 L96σV'T

Problem 13.10. 
A portfolio manager announces that the average of tlle returns realized in each year 

of the last 10 years is 20% per annum. In what respect is this statement misleading? 

The statement is misleading in that a certain sum of money, say $1000, when invested 
for 10 years in the fund would have realized a return (with annual compounding) of less 
than 20% per annum “ 

The average of the returns realized in each year is always greater than the return 
per annum (with annual compounding) realized over 10 years. The first is an a此hmetic

average of the returns in each year; the second is a geometric average of these returns. 

Problem 13.11. 
Assume that a non-dividend劃paying stock has an expected retUI'll ofμ and a volati1ity 

of σ“ An innovative 丑nancial institution has just announced that it wil1 trade a security 
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that pays off a dollar amount equal to ln ST at time T where ST denotes the value of the 
stock price at time T. 

(a) Use risk陋的utral valuation to calculate the price of the sθC叫ty at time t in terms 
of the stock price, S , at time t. 

(b) Confìrm that your price satisfìes the differential equation (13.16). 

(a) At time t , the expected value of lnST 詣，台om equation (13.3) 

M十 (μ-Z)(T-t)

In a risk-neutral world the expected value of ln ST is therefore: 

lnS + (r 一三)(T - t) 

Using risk-neutral valuation the value of the security at time t is: 

e--r(T-巾

ι
L
 

YSA 
、
‘
自
'
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L
υ
 

J
E
‘
、

f = e-r(T-t) [心 (r 一三)戶)]

Zzγ尺寸) [心卜?)戶)]_ e-r(T一句一三)
。f e-r(T-t) 

θs s 
δ2 f e-r(T-t) 

θS2 S2 

The left-hand side of the Black-Scholes-Merton differential equation is 

e---r(T-t) [rl心 r(r - 三)(叫一卜;=) + r __ ;2] 
可川

Hence equation (13.16) is satisfied. 

Problem 13.12. 
Consider a derivative that pays off 8子的 time T where ST is the stock price at that 

time. When the stock price follows geometric Brownian motion, it can be shown that its 
pricθat time t (t 三 T) has the form 

h{t, T)sn 
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where S Ís the stock prÍce at tÍme t and h is a function only of t and T. 
(a) By substituting into the Black-Sc1叫θs-M，θ'rton partial differentÍal equation derive 
an ordi助ry di品rential equation satisfied by h啊， T).

(b) What is the boundary condÍtÍon for the differential equation for h(t , T)? 
(c) Show that 

h(t , T) = e[O 5σ2η(n-1)十1'(n-1)](T-t)

where r ÍS the risk-free interest rate and σ is the stock price volatility. 

This prob1em is re1ated to Prob1em 12.10. 
(a) If G(S, t) = h(t , T)sn then δG/δt = htS弋 δG/δS=hnSη-1 ， and θ2G/θS2 = hn(n一

l)Sη-2 where ht δh/θt. Substituting into the B1ack-Scho1es-Merton differentia1 
equation we obtain 

ht 十伽+;州(η-1) = rh 

(b) The derivative is worth Sn when t = T. The boundary condition for this differentia1 
equation is therefore h(T, T) = 1 

( c) The equation 
h(t, T) = e[O.5a2 n廿一 1) 十1' (η -l)](T-t)

satisfies the boundary condition since it collapses to h = 1 when t = T. It can a1so be 
shown that it satisfies the differentia1 equation in (a). Alternative1y we can solve the 
differentia1 equation in (a) directly. The differentia1 equation can be written 

zz 一巾 -1) ;計你一 1)

The solution to this is 

1nh 二[一巾- 1) 一;仇(n 一小 k

where k is a constant. Since 1n h = 0 when t = T it follows that 

so that 

or 

Problem 13.13. 

k 二 [T(n-1)÷2仰卵

1nh = [r(n 一 1) 十 1σ2η(η - l)](T - t) 
2 

h( t , T) = e[05σ2n(n-1)十T 廿一l)](T-t)

What is the price of a European call option on a non-dividend-paying stock when thθ 
stock price is $52， 的θ strikθ price is $50, the risk.企θθ interest rate is 12% pθr annum, the 
volati1ity is 30% per annum, and the time ω maturity is three months? 
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In this case 80 = 52, K = 50 ， γ= 0.12 ， σ= 0.30 and T = 0.25. 

d1 = ln(5~/50) 十 (0.12土。 32/2)0.25
1 -一一一一一一 一一一一一一=- = 0.5365 

0.30\10.25 

d2 = d1 - 0.3。而玄= 0.3865 

The price of the European call is 

or $5.06. 

Problem 13.14. 

52N(0.5365) - 50e-0
, 12XO , 25 N(0.3865) 

= 52 x 0.7042 - 50e-003 x 0.6504 

= 5.06 

What is the price of a European put option on a non-dividend-paying stock when the 
stock price is $69, the strike price is $70, the risk-free interest rate is 5% per annum, 的e
volati1ity is 35% per annum, and the time to maturity is six months? 

In this case 80 = 69, K = 70 ， γ= 0.05 ， σ= 0.35 and T = 0.5. 

ln(69/70) 十 (0.05 + 0.352/2) X 0.5 
1= 一一一一一-一一- r于一一一一一一一一= 0 ,, 1666 

0.35 \10.5 

d2 = d1 - 0.35J百五= -0.0809 

The price of the European put is 

or $6 ,, 40. 

Problem 13.15. 

70e一005x05N(0.0809)-- 69N(一 0.1666)

= 70e-0025 X 0.5323 - 69 X 0.4338 

= 6.40 

Consider an American call option on a stock. The stock price is $70, the time to 
maturity is eight months, the risk-企'ee rate of interest is 10% per annum, the exercise price 
is $65, and the volatility is 32%. A dividend of $1 is expected after three months and again 
after six months. Show that it can never be optimal to exercise the option on either of the 
two dividend dates. Use DerivaGem to calculate the price of the option. 

Using the notation of Section 13.12, D1 D2 1, K(l - e- r (T-t 2 )) 65(1 -
e-O 1X01667) = 1.07, and K(l -- e-r (的一的) = 65(1- e-OlX025) = 1.60. Since 

Dl < K(l 一 e-r(T一切))
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and 
D2 < K(l - e-r (t 2 -td ) 

It is never optimal to exercise the call option early. DerivaGem shows that the value of 
the option is 10.94.. 

Problem 13.16. 
A call option ∞ a non-dividend-paying stock has a market price of $2~. The stock 

price is $15， 的θ exercise price is $13, the time to maturity is three months, and the risk-free 
interest rate is 5% per annum. What is the implied volati1ity? 

In the case c = 2.5 , 80 = 15, K = 13, T = 0.25 ， γ= 0.05. The implied volatility must 
be calculated using an iterative procedure. 

A volati1ity ofO.2 (or 20% per annum) gives c = 2.20. A volati1ity ofO.3 gives c = 2.32. 
A volatility of 0.4 gives c = 2.507. A volati1ity of 0.39 gives c = 2.487. By interpolation 
the imp1ied volati1ity is about 0.397 or 39.7% per annum. 

Problem 13.17. 
Wíth the notation used in this chapter 

(a) What 的 N'(x)?

(b) Show that 8N'(d1) = Ke-- r(T-t)N'(d2 ) , where 8 is the stock price at time t 

dl 一圳K)+且三/2)(T - t) 
一

-σvT-t 

dóJ = ln(匠的土 (r三三/2)(T - t) 
一一

-σvT-t 

(吋 Calc叫ate 8d1 /δ8 and δd2 /δS 

( d) Show that when 
C 二 8N(d1 ) - K e-r(T-t) N(也)

竺 =-Tke-7(T-ON(d2)SNI(dIhL弓
θt \ -/ \ ~/ 2vT - t 

where c is the price of a ca11 option on a non-dividend-paying stock.. 
(e) Show t11at δc/δ8 = N(d1).. 
的 Show that the c satistìes the Black-Bcholes-Merton differe.凶al equation. 
(g) Show that c satis且es the boundary condition for a European call option, i.e. , that 

c= max昕一 K， 0) as t 一→ T

(a吋) Since N(伊x) i誌s the cωUI立ml
ma叫1 distribution will be less than x , N'(x) is the probabi1ity density function for a 
standardized normal distribution, that is, 

Nf(2)zLe 手
V "Lπ 
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、
‘E
/

b ', .. 
、

Because 

it follows that 

As a result 

N' (d1) = N' (d2 + σVT了。

=viz叫一手一 σd2ff~t _.. ~o-2(T - t)] 

=N'川

d? = 也笠空)十 (r二三/2)(T - t) 
一 σ /T -t 

e什

SN'(d1 ) = Ke-r(T--t) N'(也)

which is the required resu1t. 

(c) 

Hence 

Similarly 

and 

Therefore: 

(d) 

d h是十(立主(T - t) -
1 一 σ1序了2

Ins-lnk+(T+4)(T 一 t)
σJ字了Z

θd1 1 

θS So-VT二可

dq=lnS一些竺三至)(T 一 t)
一 σ、/T-t

δd2 
δS SσVT三- t 

θd1 
δS 

δd2 

δS 

c = SN(dd - Ke-r(T.-t) N(d2 ) 

δd一 一一 δd2 = SN'(dd一土 -rKe 叫T--t) N(d2 ) - K e--r(T-t) N'(d2 )一一
δtδtθt 
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From (b): 
SN'(d1 ) = Ke-r(T--t) N'(d2 ) 

Hence 

Since 

Hence 

2= 心 r(T-t)N卅州

d1 - d2 = σff士1

θd， 月d9 δ
一一一 uu，~ 一(σ佇立)θtθtθt 

σ 

2VT了了

生 =-7.ke-r(T-ON(d2)-SNW1)-L弓
θt 出，/1' - t 

( e ) From differentiati時 the Black-Scl叫的一Merton formula for a call price we obtain 

θd1 δd2 一 = N(d1 ) + SN'(d1 )'一… Ke-r(T-t) N' (d2 ) 一一
θSθS \--~I dS 

From the results in (b) and (c) it follows that 

f三 = N(dd 
θS 

(f) Differentiati時 the resu1t in (e) and using the result in (c) , we 0 btain 

From the results in d) and e) 

2Cβι 
一刁 = N' (d1) ~c.-: 
δυθS 

= N' (d1 )一矢=
::iσ ，/'1' - t 

。cθc 1δ2C 一 +rS一+一σ》一 = --rKe--r(T一句(d2)-SN(d1)「L可
δtθS'2 δS2 -, \-~I --, \-~/2、11- t 

HSN(d1)JJS圳1)-4=
2 '" ...~ /3σ，/1'- t 

= r[SN(d1 ) -- Ke-r(T--t) N(d2 )] 

=二 rc

This shows that the Black-Scholes formula for a call option does indeed satisfy the 
Black-Scholes-Merton differential equation 
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(g) Consider what happens in the formula for c in p缸t (d) as t approaches T. If 8 > K , 
d1 and d2 tend to infinity and N(dd and N(d2) tend 七。1. If 8 < K , d1 and d2 tend 
to zero. It follows that the formula for c tends to max(8 - K , 0). 

Problem 13.18. 
Show that the Black-Scholes formulas for call and put options satisfY put-ca11 parity. 

From the Black-Scholes equations 

p 十 80 = Ke-- ,rT N(一d2) ,- 80N(一dd+80

Because 1 - N(一d1 ) = N(dd this is 

K e-- rT N(-d2 ) 十 80N(dJ)

Also: 
C 十 Ke-rT = 8 oN(d1 ) - Ke--- rT N(d2 ) 十 Ke-rT

Because 1 - N(d2) = N( 一d2 ), this is also 

Ke-rTN(一 -d2 ) 十 80N(d1 )

The Black-Scholes equations are therefore consistent with put-call parity. 

Problem 13.19. 
A stock price is c l1rrently $50 and the risk-企ee interest rate is 5%. Use the DerivaGem 

software to translate the following table of European call options on the stock into a table 
of implied volatilities, assuming no dividends" Are the option prices consistent witb tbe 
ass l1mptions underlying Black-Scholes? 

Maturity (montl吋

Strike Price (的 3 6 12 

whdAUvhd 455 
。

7

月
。

旬
，h
9
d
1
ι

8.3 
5.2 
2., 9 

10.5 
7.5 
5.1 

This problem naturally leads on to the material in Chapter 18 on volatility smiles. 
Using DerivaGem we obtain the following table of implied volatilities: 
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Maturity (months) 

Strike Price ($) 3 6 12 

505 
A
ι
I
v
h
d
v
h
d
 

37.78 
34.15 
31.98 

34.99 
32.78 
30.77 

34.02 
32.03 
30.45 

The option prices are not exactly consistent with Black-Scholes. If they were, the 
implied volatilities would be all the same" We usually find in practice that low strike 
price options on a stock have significant1y higher implied volatilities than high strike price 
options on the same stock. 

Problem 13.20. 
Explain carefully why Black's approach to evaluating an American call option on a 

dividend-paying stock may giy，θan approximate answer even when only one dividend is 
anticipated. Does the answer given by Black's approach understate or overstate thθ true 

option value? Explain your answer. 

Black's approach in effect assumes that the holder of option must decide at time zero 
whether it is a European option maturing at time tn (the 且nal ex-dividend date) or a 
European option maturing at time T. In fact the holder of the option has more fiexibility 
than this. The holder can choose to exercise at time tn if the stock price at that time is 
above some level but not otherwise“Furthermore, if the option is not exercised at time 丸，
it can still be exercised at time T. 

It appears from this argument that Black's approach understates the true option value. 
However, the way in which volatility is applied can lead to Black's approach overstating 
the option value. Black applies the volatility to the option price. The binomial model, as 
we will see in Chapter 19, applies the volatility to the stock price less the present value of 
the dividend. This issue is also discussed in Example 13.10. 

Problem 13.21. 

Consider an American call option on a stock. The stock price is $50， 的θ time to 
maturity is 15 months, the risk-企ee rate of interest is 8% per annum , the exercise price is 
$55, and the volati1ity is 25%. Dividends of $1.50 are expected in 4 months and 10 months. 
Show that it can nθver be optimal to exercise the option on either of the two dividend 
dates. Calculate the price of the option. 

With the notation in the text 

Dl = D2 = 1.50, tl = 0.3333, t 2 = 0.8333, T = 1.25, r = 0.08 and K = 55 

K [1 - e-r(T-t2 )] 二則_ e-O . 08叫牛 1.80

Hence T 
ρ
U
 

-z4 K < 98 
D 
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Also: 
K [1- e仇→d] =帥一 e一0.08X05) = 2.16 

Hence: 
D 1 < K [1 -- e--T (t2 -t1 )] 

It follows from the conditions established in Section 13.12 that the option should never be 
exercised ear1y. 

The present value of the dividends is 

1.5e-0.3333XO 08 + 1. 5ε-0 8333xO.08 = 2.864 

The option can be valued using the European pricing formula with: 

80 = 5。一 2.864 = 47.136, K = 55 ， σ= 0.25, r = 0.08, T = 1.25 

ln (47.136/55) + (0.08 十 0.252/2) 1.25
1= 一一一一一一一一一一一一戶一一 一一一一:一0.0545

0.25V1.25 

d2 = d1 - 0.25布玄= -0.3340 

N(d1 ) = 0.4783, N(d2 ) = 0.3692 

and the call price is 

47.136 x O.吐783 一 55ε一。"的xL25 x 0.3692 = 4.17 

or $4.17的

Problem 13.22. 
Show that the probabi1i ty that a European call option wi1l be exercised in a I'isk-neutral 

world is, with the notation introduced in this chapter, N(d2 ). What is an expression for 
the value of a derivative that pays off $100 if the pI'ice of a stock at time T is greateI' than 
K? 

The probability that the call option wi1l be exercised is the probability that 8T > K 
where 8T is the stock price at time T. In a risk neutral world 

ln 8T t'V 4>[ln 80 + (γ 一 σ2/2)T， σ2T]

The probability 七hat 8T > K is the same as the probabi1ity that ln8T > lnK. This is 

1- N r!~至二 ln80 一(大三三/~)Tl
_. LσJ于 j

=N[也皮帶三(72/笠l

= N(d2 ) 
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The expected value at time T in a risk neutral world of a derivative security which 
pays off $100 when 8T > K is therefore 

100N(d2 ) 

Fìom risk neutral valuation the value of the security at time t is 

100e-rT N(d2 ) 

Problem 13.23. 
Show that 8-- 2r/σ2could be the price of a traded security. 

If 1 = 8-27/σ2then 
坐一 2r q_2r/σ2_ 1
θSσ2

日

θ21 (21" \ (21" \ 2" /佇立
一τ=1τI Iτ 十 1 I 8-~1 /σ4 
δ82 \ σ2 ) \ σ正/

δ1 A 

θt 

坐十 1"8笠 -Jσ282空三 = 1"8-21 /σ2 = rf 
θtδ8'2δ82 . J 

This shows that the Black-Scholes equation is satisfied. s--2r/σ2could theIefOIle be the 
price of a traded security. 

Problem 13.24. 
A company has an issue of executivlθ stock options outstanding. Should di1ution be 

taken into account when the options are valued? Explain you answer. 

The answer is no. If markets are efficient they have already taken potential dilu
tion into account in determining the stock price. This argument is explained in Business 
Snapshot 13.3. 

Problem 13.25. 
A company's stock price is $50 and 10 m i11ion shares are outstanding. The company is 

considering giving its employees three m i11ion at-th←money 丘ve-year call options.. Option 
exercises wi11 be handled by issuing more shares. The stock price volati1ity is 25%， 的θ

丘ve-year risk戶free rate is 5% and the company doθs not pay dividends. Estimate the cost 
to the company of the employee stock option issue. 

The Black-Scholes price of the option is given by setting 8 0 = 50, K = 50, 1" = 0.05, 
σ= 0.25 , and T = 5. It is 16.252. From an analysis similar to that in Section 13.10 the 
cost to the company of the options is 

10 
一一一一 x 16.252 = 12.5 
10 十 3
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or about $12.5 per option. The total cost is therefore 3 million times this or $37.5 million. 
If the market perceives no benefits from the options the stock price wi1l fall by $3.75. 

ASSIGNMENT QUESTIONS 

Problem 13.26. 
A stock price is cUITen t1y $50. Assume that the expected return from the stock is 

18% and its volatility is 30%. What is the probability distribution for the stock price in 
two years? Calculate the mean and standard deviation of the distribution. Determine the 
95% confidence interva1. 

In this case 50 = 50 ， μ= 0.18 and σ= 0.30. The probability distribution of the stock 
price in two years, 5T , is lognorrr叫 and 詣，台om equation (13.3), given by: 

0.09 月
ln5T rv 到ln50 + (0.18 一 -7)2， 0.32 × 2!

1..e. , 
In5T rv 4>(4.18, 0.18) 

The mean stock price is from equation (13 .4) 

50e2X018 = 50eO.36 = 71.67 

and the standard deviation is，的m equation (13.5) , 

50e2XO.18 y'eõ' 09立了I=3183

95 % confidence intervals for ln 5T are 

4.18 - 1.96 x 0.42 and 4.18 + 1.96 x O.生2

l. e.. , 
3.35 and 5.01 

These correspond to 95% confidence limits for 5T of 

335 __.J _5.01 e--- ana e 

1.e. , 
28.52 and 150.44 

Problem 13.27. 
Suppose that observations on a stock price (in dol1ars) at the end of each of 15 cωon 

S跆ecωu此tiv<閒θ weeks are as fo l1ows: 

30.2,32.0,31.1,30.1,30.2,30.3,30.6,33.0,32.9, 33.0, 33.5, 33.5, 33.7,33.5,33.2 
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Estimate the stock price volatílity. What is the standard error of your estimate? 

The calculations are shown in the table below 

L Ui = 0.09471 L u7 = 0.01145 

and an estimate of standard deviation 0f weekly returns is: 

VOOMOO94712 
叫一一一一一一一一一一一= 0.02884 

13 14 x 13 

The volatility per annum is therefore 0.02884v位= 0.2079 or 20.79%. The standard error 
of this estimate is 
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30.2 
32.0 
31.1 
30.1 
30.2 
30.3 
30.6 
33.0 
32.9 
33.。
33.5 
33.5 
33.7 
33..5 
33.2 

1.05960 
0.97188 
0.96785 
1.00332 
1.00331 
1.00990 
1.07843 
0.99697 
1.00304 
1.01515 
1.00000 
1.00597 
0.99407 
0.99104 

0.05789 
0.02853 

-0.03268 
0.00332 
0.00331 
0.00985 
0.07551 

-0.00303 
0.00303 
0.01504 
0.00000 
0.00595 

-0.00595 
-0.00900 

Problem 13.28. 
A 丑nancial institution plans to oHer a security that pays oH a dollar amount equal to 

s子 at time T.. 
(a) Use risk-neutral valuation to calculate the price of the security at time t in terms 

。>i the stock price, S , at time t. (Hint: The expected value of 8子 can be calculated 
企om the mean and variance of ST given in section 13.1.) 

(b) Confirm that your price satisfies the diHerential equation (13.16). 

(a) The expected value of the security is E[(ST?J From equations (13.4) and (13.5) ，前
time t : 

E(ST) = Se /-l (T-t) 

var(ST) = S2e2μ (T 吟 [e(T2(T-t) 一 1]
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Since Var(ST) = E[(ST )2] - [E(ST)尸， it follows that E[(ST )2] = Var(ST) + [E(ST) ]2 
so that 

E[(ST )2] = S2e2μ(T一吟 [ea2 (T-t) 一月十 S2e2μ(T--t)

= S2e(2μ+σ2)(T-t) 

In a risk-neutral world μ = r so that 

企[(ST)句 = S2e(2r+σ2)(T-t) 

Using risk-neutral valuation, the value of the derivative security at time t is 

e-r(T-t) Ê[(ST )2] 

= S2e(2r十σ2)(T-Oe-T(T-t)

= S2e(r+σ2)(T -- t) 

pti YEA --f b J
'，
‘
、 f = S2e{r+σ2)(T-t) 

也 = __S2(γ+σ2)e(r+σ2)(T-t) 
δt 

坐 = 2Se(r+a
2
)(T-t) 

θS 

些 = 2e(r+σ2)(T-t) 
。S2

The left-hand side of the Black-Schol的 Merton differential equation is: 

一S2(r 十 σ2)e{r+σ2)(T-t) + 2γS2e(r+σ2)(T-t) + σ2 S2e('T+σ2)(T 寸)

二rS2ε(r+σ2)(T-t)

=rf 

Hence the Black-Scholes equation is satisfied. 

Problem 13.29. 
Gonsider an option on a non-dividend-paying stock when the stock price is $30, the 

exercise price is $29, the risk-企ee interest rate is 5%， 的e volatility is 25% per annum, and 
the time to maturity is 4 months" 

(a) What is the price of the option if it is a European call? 
(b) What is the price of the option if it is an American call? 
(c) What is the price of the option if it is a European put? 
(d) Verify that put-call parity holds. 

In this case So = 30, K = 29 ， γ= 0.05 ， σ= 0.25 and T = 0.3333 

d, =~ (30/}9) + (0.05 + 0.252/2) X _Q~~33 
1 工一一一一一一-一一 一一一一一= 0.4225 

0.25JG.蕊蕊
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d? = ln (30/創刊0.05 - 0至2/2) X 0.3333 
。=一一一一一一-一一 一一一一= 0.2782 

0.25v10.3333 

N(0 .4225) = 0.6637, N(0.2782) = 0 ,, 6096 

N( -0.4225) = 0.3363, N(--0.2782) = 0.3904 

(a) The European call price 1S 

30 X 0.6637 - 29ε-0.05xO.3333 X 0.6096 = 2.52 

or $2.52. 
The American call price is the same as the European call price. It is $2.52. 
The European put price is 

2ge-0.05X03333 X 0.3904 - 30 X 0.3363 = 1.05 

or $1.05. 
(d) Put..call parity states that: 

p + 80 = c + K e- rT 

In this case c = 2.52, 80 = 30, K = 29, p = 1.05 and e-rT = 0.9835 and it is easy to 
verify that the relationship is satisfied. 

Problem 13.30. 
Assume that the stock in Problem 13.29 is due to go ex-dividend in 1 ~ months.. The 

expected dividend is 50 cents. 

(a) What is the price of the option if it is a E盯opean call? 
(b) What is the price of the option if it is a European put? 
(c) If the optíon is an American call, are t他he臼're any c仙ir的、Cωu山叩ms品tal即e臼'8 under which it wi11 

be exercised early? 

(a) The present value of the dividend must be subtracted from the stock price. This gives 
a new stock price of: 

30 -- 0..5e-0 125x005 = 29.5031 

and 
d-ln (29.5031/29) + (0 些立.252 /2) X 0 ,, 3333 

1 一 一一一 , 一 一一一一一一一一= 0.3068 
0.25 v10.3333 

d? = ~1~~~.~~~1/29) + (~.05 -- 0.25
2
/2) X O.~~_?_? 

2= 一一一一一一一一一一一一一一一一一一一一一一一一一= 0 ,, 1625 
0.25 Jü.蕊豆豆

N(d 1 ) = 0.6205; N(d2 ) 二。，，5645

The price of the option is therefore 

or $2.21. 
(b) Since 

29 ,, 5031 X 0.6205 - 2ge-日 o 3333xO 05 X 0.5645 = 2.21 

N( --d1 ) = 0.3795, N( -d2 ) = 0.4355 
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the value of the option when it is a European put is 

2ge一0.3333x005 x 0.4355 - 29.5031 x 0.3795 = 1.22 

or $1.22. 
(c) If t 1 denotes the time when the dividend is paid: 

K[l - e-r(T-t t}] = 29(1 - e一005xO 2083) = 0.3005 

This is less than the dividend. Hence the option should be exercised immediately 
before the ex-.dividend date for a su品ciently high value of the stock price. 

Problem 13.31. 
Consider an American call option wben tbe stock price is $18, tbe exerGÌse price is 

$20, tbe time to maturity is six montbs, tbe volati1ity is 30% per annum, and tbe risk個企ee
interest rate is 10% per annum. Two equal dividends are expected during the life of tbe 
option witb ex-dividend dates at tbe end of two montbs and fìve montbs. Assume tbe 
dividends are 40 cents.. Use Black's approximation and tbe DerivaGem soft，再rare to value 
tbe option. How bigb can tbe dividends be witbout tbe American option being 1再rortb more 
than tbe corresponding European option? 

We first value the option assuming that it is not exercised early, we set the time 
to maturity equal to 0.5. There is a dividend of 0.4 in 2 months and 5 months. Other 
parameters are 80 詣， K 20 ， γ10%， σ30%. DerivaGem gives the price as 
0.7947. We next value the option assuming that it is exercised at the 且ve-month point just 
before the final dividend. DerivaGem gives the price as 0.7668. The price given by Black's 
approximation is therefore 0.7947. DerivaGem also shows that the correct American option 
price calculated with 100 time steps is 0.8243. 

It is never optimal to exercise the option immediately before the first ex-dividend date 
when 

D1 三 K[l -- e-r(t2 一的]

where D 1 is the size of the first dividend, and t 1 and t 2 are the times of the first and second 
dividend respectively. Hence we must have: 

Dl 芒 20[1 -- e一 (O..lXO 25)] 

that is, 
Dl 三 0.494

It is never optimal to exercise the option immediately before the second ex-dividend 
date when: 

D2 三 K(l- e-r(T-t2 )) 

where D 2 is the size of the second dividend. Hence we must have: 

D2 三 20(1 --- e-OlX00833) 

that is, 
D2 三 0.166

It follows that the dividend can be as high as 16.6 cents per share without the American 
option being worth more than the corresponding European option. 
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CHAIJTER 14 

Employee Stock Options 

N otes for the Instructor 

This chapter is new to 七he seventh edition. Employee stock options have been much 
in the news in recent years and 1 find students enjoy talking about them. Many students 
hope to become rich one day by exercising such options! 

The chapter covers how the options typically work, whether they align the interests 
of senior executives and shareholders, their accounting treatment, alternative valuation 
approaches, and backdating scandals. Many instructors will want to spend time on the 
academic research of Yermack, Lie, and Heron which was largely responsible for exposing 
the backdating scandals (see Section 1也 5). Others may want to focus on how employee 
stock options can be designed to better align the interests of shareholders and senior 
managers. As described in Section 14.1 the traditional stock option plan is one where 
at"the-money options are issued periodically. For many y防ea缸r品's ， companies were r凹eluctan叫1此t 
tωo move away f企rom this type of plan because they would then be required to expense 
the options. Now the accounting treatment of employee stock options has now changed 
(with expensing being mandatory) and so there is no reason for companies not to consider 
nontraditional plans such as those mentioned in Section 14.3. 

1 recommend spending some time talking about the fact that employee stock options 
(unlike regular call options) cannot be sold. This leads to the situation where they tend 
to bc cxcrcised much earlier than regular call options (see Section 14.1). A discussion of 
this should reinforce a student's understanding of the arguments concerning early exercise 
of calls in Chapter 9. 

The three assignment questions test whether students can use some of the approaches 
for valuing employee stock options. If 14.14 is assigned it is a good idea to suggest to 
students that they calculated the expected 1ife using a tree. 

QUESTIONS AND PROBLEMS 

Problem 14.1. 
Why was it attractive foI' companies to grant at-tlw-money stock options prior to 

2005? 羽!hat changed in 2005? 

Prior to 2005 companies did not have to expense at-the-money options on the income 
statement., They merely had to report 七he value of the options in notes to the accounts. 
FAS 123 and IAS 2 required the fair value of the options to be reported as a cost on the 
income statement starting in 2005. 
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Problem 14.2. 
What are the main diHerences between a typical employee stock option and a call 

option traded on an exchange or in the over-th• counter market? 

The main differences 缸e 的 employee stock options last much longer than the typical 
excha時e-traded or over-the-counter option, b) there is usually a vesting period during 
which they cannot be exercised, c) the options cannot be sold by the employee, d) if the 
employee leaves the company the options usually either expire worthless or have to be 
exercised immediately, and e) exercise of the options usually leads to the company issuing 
more shares. 

Problem 14.3. 
Explain why θmployee stock options on a non-dividend-paying stock are frequently 

exercised before the end of their lives whθ'reru弓 an exchange-.traded call option on such a 
stock is never exercised early. 

It is always better for the option holder to sel1 a cal1 option on a non-dividend -paying 
stock rather than exercise it. Employee stock options cannot be sold and so the only way 
an employee can monetize the option is to exercise the option and sell the stock. 

Problem 14.4. 
“Stock option grants are good because they motivate executives to act in the best 

interests of shareholders." Discuss this viewpoint. 

This is questionable. Executives benefit from share price increases but do not bear the 
costs of share price decreases. Employee stock options are liable to encourage executives 
to take decisions that boost the value of the stock in the short term at the expense of the 
long term health of the company. It may even be the case that executives are encouraged 
to take high risks so as to maximize the value of their options. 

Problem 14.5. 
“Granting stock options to executives is like allowing a professional footballer to bet 

on the O l1 tcome of games." DísC l1SS this viewpoint. 

Professional footballers are not a l10wed to bet on the outcomes of games because they 
themselves influence the outcomes. Arguably, an executive should not be allowed to bet on 
the future stock price of her company because her actions influence that price. However, 
it could be argued that there is nothing wrong with a professional footballer betting that 
his team will win (but everything wrong with betting that it willlose). Similar1y there is 
nothing wrong with an executive betting that her company will do well. 

Problem 14.6. 
Why did some companies backdate stock option grants in the US prior to 2002? What 

changed in 2002? 

Backdating allowed the company to issue employee stock options with a strike price 
equal to the price at some previous date and claim that they were at the money. At 
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the money options did not lead to an expense on the income statement until 2005. The 
amount recorded for the value of the options in the notes to the income was less than the 
actual cost on the true grant date. In 2002 the SEC required companies to report stock 
option grants within two business days of the grant date. This eliminated the possibility 
of backdating for companies that complied with this rule. 

Problem 14.7. 
In what way would the benefits of backdating be reduced if a stock option grant had 

to be revalued at the end of each quarter? 

If a stock option grant had to be revalued each qu缸ter the value of 七he option of 
the grant date (true or fabricated) would become less important. Stock price movements 
following the reported grant date would be incorporated in the next revaluation. The total 
cost of the options would be independent of the stock price on the grant date. 

Problem 14.8. 
Explain how you would do the analysis to produce a chart such as the one in Figure 

15.2. 

It would be necessary to look at returns on each stock in the sample (possibly adjusted 
for the returns on the market and the beta of the stock) around the reported employee 
stock option grant date. One could designate Day 0 as the grant date 缸ld look at returns 
on each 的ock each day from Day -30 to Day 十30. The returns would then be averaged 
across the stocks. 

Problem 14.9. 
On May 31 a company's stock price is $70. One m i11ion shares are outstandíng. An 

executive exercises 100,000 stock options with a strike price of $50. What is the impact of 
t1lÍs on the stock price? 

There should be no impact on the stock price because the stock price will already 
reftect the dilution expected from 七he executive's exercise decision. 

Problem 14.10. 
The notes accompanying a company's 丑nancial statements say: “Our executive stock 

options last 10 years and vest after four years. 明是~ valued the options granted this year 
using the Black-Scholes model with an expected life of 5 years and a volati1ity of 20%. 
"What doθs this mean? Discuss the modeling approach usθd by the company. 

The notes in indicate that the Black-Scholes model was used to produce the valuation 
with T the option life being set equal to5 years and the stock price volatility being set 
equal to 20% 。

Problem 14.11. 
In a Dutch auction of 10,000 options, bids are as follows 
A bids $30 for 3,000 
B bids $33 for 2,500 
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C bids $29 for 5,000 
D bids $40 for 1,000 
E bids $22 for 8,000 
F bids $35 for 6,000 
What is the resu1t of the auction 7 Who buys how many at what price7 

The price at which 10,000 options can be sold is $30. B, D, and F get their order 
completely filled at this price. A buys 500 options (out of its total bid for 3,000 options) 
at this price. 

Problem 14.12. 
A company has gTanted 500,000 options to its executives. The stock price and strike 

price are both $40. The options last for 12 years and vest after four years. The company 
decides to value the options using an expected life of 丑vθ years and a volatility of 30% 
per annum. The company pays no dividends and the risk-企ee rate is 4%. What wil1 the 
company report as an expense for the options on its income statement? 

The options are valued using Black-Scholes with 80 = 40, K = 40, T = 5 ， σ= 0.3 and 
r = 0.04. The value of each option is $4.488. The total expense reported is 500,000 x $4.488 
or $2.244 million. 

Problem 14.13. 
A company's CFO says: “The accounting treatment of stock options is crazy. We 

gTanted lO, OOO,OOO at-the-money stock options to our employees last year when the stock 
price was $30.. We estimated the va1ue of each option on the grant date to be $5. At our 
year end the stock price had fallen to $4, but we were sti11 stuck with a $50 m il1ion charge 
to thc P&L. JJ Discuss. 

The problem is that under the current rules the options are valued only onc令一on
the grant date. Arguably it would make sense to treat the options in the same way as 
other derivatives entered into by the company and revalue them on each reporting date. 
However, this does not happen under the current rules in the United States unless the 
options are settled in cash. 

ASSIGNMENT QUESTIONS 

Problem 14.14. 
What is the (risk-neutral) expected life for the employee stock option in Example 14.27 

What is the va1ue of the option obtained by using this expected life in Black-8choles7 

The expected life at time zero can be calculated by rolling back through the tree 
asking the question at each node: “What is the expected life if the node is reached." This 
is what has been done in Figure M14. 1. For example at node G (time 6 ye缸s) there is a 
81 % chance that the option will be exercised and a 19% chance that it will last an extra 
two years. The expected life if node G is reached is therefore 0.81 x 6 十 0.19 x 8 = 6.38 
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years. Similarly, the expected life if node H is reached is 0.335 x 6 十 0.665 x 8 = 7.33 years.. 
The expected life if node 1 or J is reached is 0.05 x 6 + 0.95 x 8 = 7.90 years. The expected 
life if node D is reached is 

0.43 x 4 + 0.57 x (0.5158 x 6.38 + 0.4842 x 7.33) = 5.62 

Continuing in this way the expected life at time zero is 6.86 years. (As in Example 14.2 
we assume that no employees leave at time zero.) 

The value of the option assuming an expected life of 6.86 years is given by Black 
Scholes with 80 = 40, K = 40, r = 0.05 ， σ= 0.3 and T = 6.86. It is 17.17. Using a 
four-step tree it is 16.51. 

G ____--均仁豆已

Figure M14.1 Tree for calculating expected life in Problem 14.14 

Problem 14.15. 
A cornpany has granted 2,000,000 options to its ernployees. The stock price and strike 

price are both $60. The options last for 8 years and vest after two years. The cornpany 
decides to value the options using an expected life of six years and a volati1ity of 22% per 
annurn. The dividend on the stock is $1 , payable half way through each year, and the 
risk-企ee rate is 5%. What wil1 the cornpany report as an expense for the options on its 
incorne staternent. 

The options are valued using Black-Scholes with K = 60, T = 6 ， σ= 0.22 ， γ= 0.05. 
The present value of the dividends during the six years assumed life are 

1xε-0 05x05 + 1 x e-005X 15 + 1 x e--005X25 + 1 xε---O.05x3.5 十 1xe一O.05x4.5 + 1 x e-005x55 
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= 5.183 

The stock price, So , adjusted for dividend is therefore 60 - 5.183 = 54.817. The Black
Scholes model gives the price of one option aβ$16.492. The company will therefore report 
as an expense 2,000,000 x $16.492 or $32.984 million. 

Problem 14.16. 
A company has granted 1,000,000 options to its employees. The stock price and strike 

price are both $20. The options last 10 years and vest after three years. The stock price 
volatility is 30%, the risk-企ee rate is 5%, and the company pays no dividends. Use a four
step tree to value the options. Assume that there is a pTObabi1ity of 4% that an employee 
leaves the company at the beginning of each the time steps on your tree. Assume also 
that the pTObabi1ity of voluntary early exθ!rGÍse at a node, conditional on no prior exerGÍse, 
when a) the option has vested and b) the opti∞ is in the money， 的

1- exp[一α(SjK - l)jT] 

where S is the stock price, K is the strike price, T is the time to maturity and α= 2. 

The valuation is shown in Figure M14.2. The tree is similar to Figure 14.1 in the text. 
The upper number at each node is the stock price and the lower number is the value of 
the option. In this case u = 1.6070 and p = 0.5188. The probability of voluntary exercise 
at nodes A, B, and C are 0.4690, 0.9195, and 0.3846, respectively. The total probability of 
exercise at these nodes (including the impact of employees leaving the company) is 0.4902, 
0.9227, and 0.4093. The value of each option is $8.54 and the value of the option grant 
is $8.54 million. This problem and Example 14.2 in the text specify that employees are 
assumed to leave at the beginning of each time period. It is questionable whether this 
includes time zero. Both my answer to this question and the answer to Example 14.1 
assume that it does not include time zero. (On refiection, it would have been better for 
both questions to say that employees leave at the end of each time period.) If in this 
question it is assumed that 4% of employees leave the company at the initial node the 
answer is reduced by 4% to $8.20 million. 
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Node Time: 
0..0.0.0.0. 250.0.0. 5.0.0.0.0. 750.∞ 10..0.0.0.0. 

Figure 扎114.2 Valuation of employee stock option in Problem 14.16 
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CI-IAPTER 15 
Options on Stock lndices and Currencies 

N otes for the Instructor 

The chapter concerned with options on stock indices, currencies, and futures in the 
sixth edition has been split into two chapters (15 and 16) in the seventh edition. Chapter 
15 is concerned with options on stock indices and currenciesj Chapter 16 is concerned with 
options on futures. 

The material on options on stock indices and currencies has also been restructured for 
the seventh edition to make it more interesting. Instead of starting with valuation, it now 
starts with examples of how options on stock indices and options on foreign currencies are 
used. Range forwards are discussed here rather than later in the book. 

For students who have a good knowledge of Chapter 13, the valuation material in this 
chapter should present few problems. The key argument is in Section 15.3 and shows how 
the Black--Scholes formulas can be modified to provide valuations of European call and 
put options on a stock paying a known dividend yield. Stock indices and currencies are 
analogous to stocks paying known dividend yields. 

Any of Problems 15.23 to 13.28 make good assignment questions. Problem 15.22 
requires Ito's lemma to have been covered. 

QUESTIONS AND PROBLEMS 

Problem 15.1. 
A portfolio is currently worth $10 million and has a beta of 1.0. An index is currently 

standing at 800. Explain how a put option on the index with a strike of 700 can be used 
to provide portfolío ínsurance. 

When the index goes down to 700, the value of the portfolio can be expected to be 
10 x (700/800) = $8.75 million. (This assumes that the dividend yield on the portfolio 
equals the dividend yield on the index..) Buying put options on 10,000,000/800 = 12,500 
times the index with a strike of 700 therefore provides protection against a drop in the 
value of the portfolio below $8.75 million. If each contract is on 100 times the index a total 
of 125 contracts would be required. 

Problem 15.2. 
“Once we know how to value options on a stock paying a dividend yield, we know 

how to value options on stock indices, currencies, and futures." Explain this statement. 

A stock index is analogous to a stock paying a continuous dividend yield, the dividend 
yield being the dividend yield on the index. A currency is analogous to a stock paying a 
continuous dividend yield, the dividend yield being the foreign risk-free interest rate. 
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Problem 15.3. 
A stock index is currently 300, the dividend yield on the index is 3% per annum, 

and the risk-企ee interest rate is 8% per annum. What is a lower bound for the price of a 
six-month European call option on the index when the strike price is 290? 

The lower bound is given by equation 15.1 as 

300e-003xO.5 - 290e-008x05 = 16.90 

Problem 15 .4. 
A currency ís currently worth $0.80 and has a volati1ity of 12%. The domestic and 

foreign risk-企ee interest rates are 6% and 8%, respectively. Use a two--s tep binomíal tree to 
value a) a European fo盯-month call optíon with a strike price of $0.. 79 and b) an American 
four-month call option with the same strike price 

1n this case u 二1.0502 and p = 0.4538. The tree is shown in Figure 815. 1. The 
value of the option if it is European is $0.0235.. the value of the option if it is American is 
$0.0250. 

。..0250

O 吋 8824

0.0924 
0..0924 

。8000
0..0100 
0.0100 

0.7253 
0β000 

0..0000 

Figure S15.1 Tree to evaluate European and American put options in Problem 15.4. 
At each node, upper number is the stock price; next number is 
the European put price; final number is the American put price 

Problem 15.5. 
Explain how corporations use range fon司rard contracts to hedge their foreígn exchange 

risk. 

A range forward contract allows a corporation to ensure that the exchange rate appli
cable to a transaction will not be worse that one exchange rate and will not be better than 
another exchange rate.. Depending on the exposure being hedged a range forward contract 
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is created by either a) buying a put with the lower exchange rate and selling a call with 
the higher exchange rate or b) selling a put with the lower exchange rate and buying a call 
with the higher exchange rate. 

Problem 15.6. 
Ca1culate the value of a three-month at-the-money European call option on a stock 

index when the index is at 250, the risk-企ee interest rate is 10% per annum, the volatility 
of the index is 18% per annum, and the dividend yield on the index is 3% per annum. 

In this case, 80 = 250, K = 250, T = 0.10 ， σ= 0.18, T = 0.25, q = 0.03 and 

dl = ln(250/2?_q)十 (0.10 - 0.03 + 0.182/2)0.25 
1 一一一一一一一一一一一一一「一一 一一一一一一= 0.2394 

0.18v10.25 

d2 = d1 - 0.18州三百= 0.1494 

and the call price is 

250N(0.2394)ε-0 個 xO.25 __ 250N(0.1494)e-0 1O X025 

= 250 x 0.5946e-003x025 - 250 x 0.5594e一o 10xO 25 

or 11.15. 

Problem 15.7. 
Calculate the value of an eight恤month European put option on a currency with a strike 

price of 0.50. The current exchange rate is 0.52, the volatility ofthe exchange rate is 12%, 
的e domestic risk-企ee interest rate is 4% per annum, and the foreign risk-企ee interest rate 
is 8% per annum , 

In this case 80 = 0.52, K = 0.50 ， γ= 0.0哇 ， Tf = 0.08 ， σ= 0.12, T = 0.6667, and 

d 一 ln(0.52/0.50) + (0.04 - 0.08 十 0.122 /2)0.6667
1 一一一一一一一一一一一一一一一一一一一一= 0.1771 

0.12 v10.6667 

d2 = d1 - 0.12J江面訐= 0.0791 

and the put price is 

0.50N( _0.0791)e-0.04x06667 -, 0.52N(一0.1771)e-008 x 06667 

= 0.50 x 0.4685e一 004x06667_ 0.52 x 0 .4297e一008x06667

= 0.0162 

Problenl 15.8. 
Show that the forn叫a in equation (15.12) for a p叫 option to sell one unit of curre昀f

A forc叮rency B a古 strike price K gives the same value as equation (1 5.11) for a call option 
to buy K units of currency B for cuηency A at a strike price of 1/ K . 
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A put option to sell one unit of currency A for K units of currency B is worth 

where 

Ke-TBTN(-d2) - Soe--TATN( 一d1 )

dl 一 ln(So/K) 十 (r主主rB+主/2立
一

σvT 

d。 -ln(Sofk)+(TA 二 rB - 0"2/2)T 
一一

-σ、/T

and r A and rB are the risk-free rates in currencies A and B, respectively. The value of the 
option is measured in units of currency B. De且ning Sô = l/So and K* = l/K 

的一叫/P)-KTBJ/的主
一

σ、/T

d2 一 ln(szr)-U一句十坐立
σvT 

The put price is therefore 

where 

SoK[Sôe-r'BT N(d i) - K*e- r AT N(d i) 

d; = 
ln(Sô/K*) 士 _V!!! --- r A -- 0"2i~1空

一
直

σvT

d~ 一 ln(Sô/K*) + 企旦二三A 十 σ2/2)T
一

=σ而

This shows that put option is equivalent to K SO call options to buy 1 unit of currency A 
for 1/ K units of currency B. In this case the value of the option is measured in units of 
currency A. To obtain the call option value in units of currency B (the same units as the 
value of the put option was measured in) we must divide by So. This proves the result. 

Problem 15.9. 
A foreign currency is currently worth $1 ,50, The domestic and foreign risk-企ee interest 

rates are 5% and 9%, respectively. Ca1culate a lower bound for the valuθof a six-montl1 call 
option on the currency with a strike price of $1.40 if it is (a) European and (b) American 州

Lower bound for European option is 

Soe-TfT - K e-rT = 1. 5ε一0 ，09xO ， 5___ 1. 4ε--005xO 5 = 0.069 

Lower bound for American option is 

So - K = 0.10 
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Problem 15.10. 
Consider a stock index currently standing at 250. The dividend yield on the index 

is 4% per annum, and the risk-free rate is 6% per annum. A three-month EUI'opean call 
option on the index with a strike price of 245 is currently worth $10. Wbat is the value of 
a thre令month put option on the index with a strike price of 245? 

In this case 80 = 250, q = 0.04 , r = 0.06, T = 0..25, K = 245, and c = 10. Using 
put-call parity 

c + Ke--- rT = p 十 80e-qT

or 
p=c 十 ke--TT-SoeFmqT

Substituting: 
p= 10 十 245e一0.25xO.06 _ 250e 一025x004 = 3.84 

The put price is 3..84. 

Problem 15.11. 
An index currently stands at 696 and has a volatility of 30% per annum. The risk自身ee

rate of interest is 7% per annum and the index provides a dividend yield of 4% per annum. 
Calculate the value of a three-month European put with an exercise price of 700. 

In this case 80 = 696, K = 700 ， γ= 0.07 ， σ= 0..3, T = 0.25 and q = 0.04. The option 
can be valued 的時 equation (15.5). 

dl = !_~~~~j700) 十 (0.07 - 0.04 + 0.09j2) x 0.25 
1= 一一一一一一一一一一一τ=可一一一一一一一一= 0.0868 

0.3.10.25 

d2 = d1 - 0.3而.25 = --0.0632 

and 
N(--d1 ) 二 0.4654 ， N(一d2 ) = 0.5252 

The value of the put , p , is given by: 

p = 700e-0 07xO25 x 0.5252 - 696e-004X025 x 0.4654 = 40.6 

i.e. , it is $40.6. 

Problem 15.12. 
Show that if C is the price of an American call with exercise price K and maturity 

T on a stock paying a dividend yield of q, and P is the price of an American put on the 
same stock with the same strike price and exercise date, 

80e-qT - K < C 一 P < 80 - Ke- rT 

where 80 把 the stock price, r is the risk-企ee rate, and γ> O. (Hint: To obtain the 丑rst
half of the inequality, consider possible values o{;. 
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Portfolio A: a European call option plus an amount K invested at the risk-企ee rate 
Portfolio B: an American put option plus e-qT of stock with dividends being rein

vested in the stock 
To obtain the second half of the inequality, consider possible values of: 
Portfolio C: an American cal1 option plus an amount K e-rT invested at the risk-企ee

rate 
Portfolio D: a European put option plus one stock with dividends being reinvested 

in the stock) 

Following the hint , we first consider 
Portfolio A: A European call option plus an amount K invested at the ri此-free

rate 
Portfolio B: An American put option plus e-qT of stock with dividends being 
reinvested in the stock. 

Portfolio A is worth c 十 K while portfolio B is worth P 十 Soe-qT . If the put option 
is exercised at time T (0 三 T < T) , portfolio B becomes: 

K -""S7 十 S卅一 q(T-7) 三 K

where S7 is the stock price at time T. Portfolio A is worth 

c+ KeT'T > K 

Hence portfolio A is worth at least as much as portfolio B. If both portfolios are held to 
maturity (time T) , portfolio A is worth 

m位(ST - K , 0) 十 KerT

= max(ST , K) + K(erT -- 1) 

Portfolio B is worth max(ST , K). Hence portfolio A is worth more than portfülio B. 
Because portfolio A is worth at least as much as portfolio B in all circumstances 

P 十 Soe-qT 主 c+K

Because c < c: 
P 十 Soe"-qT 三 C 十 K

or 
Soe-qT-K 三 c-p

This proves the first part of the inequality. 
For the second part consider: 

Portfolio C: An American call option plus an amount K e-rT invested at the 
risk-free rate 
Portfolio D: A European put option plus one stock with dividends being rein
vested in the stock“ 
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Portfolio C is worth C 十 Ke-rT while portfolio D is worth p + So. If the call option 
is exercised at time T (0 三 T < T) portfolio C becomes: 

ST - K + Ke-r(T-T) < ST 

while portfolio D is worth 
p 十 STé(T-t) 主 ST

Hence portfolio D is worth more than portfolio C. If both portfolios are held to maturity 
(time T) , portfolio C is worth max(ST , K) while portfolio D is worth 

max(K _. ST , 0) + STeqT 

=max(ST , K) 十 ST(eqT - 1) 

Hence portfolio D is worth at least as much as portfolio C. 
Since portfolio D is worth at least as much as portfolio C in all circumstances: 

C + Ke.... TT 三 p+So

Since p 三 p:

C + Ke.- rT 三三 P+So 

or 
C._.p 三 So - Ke- rT 

This proves the second part of the inequality" Hence: 

Soe-qT ._.- K 三 C-p 三 So- Ke--rT 

Problem 15.13. 
8how that a E l1ropean call option on a c l1rrency has the same price as the corr• 

sponding E l1ropean put option on the currency when the forward price equals the strike 
pnce. 

This follows from put-call parity and the relationship between the forward price, Fo , 
and the spot price, So. 

c + K e-rT = p + Soe-rfT 

and 
Fo = Soe(r-rl)T 

so that 
c + Ke--rT = p + Foe- rT 

If K = Fo this reduces to c = p. The result that c = p when K = Fo is true for options on 
all underlying assets, not just options on currencies. An at-the-money option is frequently 
defined 加 one where K = Fo (or c = p) rather than one where K = So. 
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Problem 15.14. 
Would you expect the volati1ity of a stock index to be greater or less than the volati1ity 

of a typical stock? Explain your answer. 

The volati1ity of a stock index can be expected to be less than the volatility of a 
typical stock. This is because some risk (i.e. , return uncertainty) is diversified away when 
a portfolio of stocks is created. In capital asset pricing model terminology, there exists 
systematic and unsystematic risk in the returns from an individual stock. However, in 
a stock index, unsystematic risk has been diversified away and only the systematic risk 
contributes to volatility. 

Problem 15.15. 
Does the cost of portfolio insurance increase or decrease as the beta of a portfolio 

increases? Explain your answer. 

The cost of portfolio insurance increases as the beta of the portfolio increases. This 
is because portfolio insurance involves the purchase of a put option on the portfolio. As 
beta increases, the volati1ity of the portfolio increases causing the cost of the put option 
to increase. When index options are used to provide portfo1io insurance, both the number 
of options required and the strike price increase as beta increases. 

Problem 15.16. 
Suppose that a portfolio is worth $60 m il1ion and the S&P 500 is at 1200. If the 

value of the portfolio miITors the value of the index, what options should be purchased to 
provide protection against the value of the portfolio falling below $54 million in one year's 
time? 

If七he value of the portfolio mirrors the value of the index, the index can be expected 
to have dropped by 10% when the value of the portfolio drops by 10%. Hence when the 
value of the portfolio drops to $54 million the value of the index can be expected to be 
1080. This indicates that put options with an exercise price of 1080 should be purchased. 
The options should be on: 

60平。。。一 000一二一~~1 "一一= $50、 000
1200 

times the index. Each option contract is for $100 times the index. Hence 500 contracts 
should be purchased. 

Problem 15.17. 
Consider again the situation in Problem 15.16. Suppose t11at thθ portfolio has a beta 

of 2.0, the risk-企ee interest rate is 5% per annum, and the dividend yield on both the 
portfolio and tlw index is 3% per annum. What options should be purchased to provide 
protection against the value of the portfolio falling below $54 m il1ion in one year's time? 

When the value of the portfo1io falls to $54 million the holder of the portfolio makes a 
capital10ss of 10%. After dividends are taken into account the loss is 7% during the year. 

This is 12% below the risk-free interest rate. According to the capital asset pricing model: 

Excess expected return of portfolio n Excess expected return of market 
=LJX 

above riskless interest rate ,- above riskless interest rate 
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Therefore, when the portfolio provides a return 12% below the risk-free interest rate, the 
market's expected return is 6% below the risk企ee interest rate. As the index can be 
assumed to have a beta of 1.0, this is also the excess expected return (including dividends) 
from the index. The expected return from the index is therefore -1 % per annum. Since 
the index provides a 3% per annum dividend yield，也e expected movement in the index 
is -4%. Thus when the portfolio's value is $54 million the expected value of the index 
0.96 x 1200 = 1152. Hence European put options should be purchased with an exercise 
price of 1152. Their maturity date should be in one year. 

The number of options required is twice the number required in Problem 15.16. This is 
because we wish to protect a portfolio which is twice as sensitive to changes in market con
ditions as the portfolio in Problem 15.16. Hence options on $100,000 (or 1,000 contracts) 
should be purchased. To check that the answer is correct consider what happens when 
the value of the portfolio declines by 20% 七o $48 million. The return including dividends 
is -17%. This is 22% less than the risk..free interest rate. The index can be expected to 
provide a return (including dividends) which is 11 % less than the risk旬free interest rate, 
i.e. a return of -6%. The index can therefore be expected to drop by 9% to 1092. The 
payoff from the put options is (1152 - 1092) x 100,000 = $6 million. This is exactly what 
is required to restore the value of the portfolio to $54 mi1lion. 

Problem 15.18. 
An index currently stands at 1,500. European call and put options with a strike 

price of 1,400 and time to maturity of six months have market prices of 154.00 and 34.25, 
respectively. The six-month risk-企ee rate is 5%. What is the ímplied dividend yield? 

The implied dividend yield is the value of q that satisfies the put--call parity equation. 
It is the value of q that solves 

154 十 1400e-o.o5xo5 = 34.25 十 1500e-05q

This is 1.99%. 

Problem 15.19. 
A total return index tracks the return, inc1uding dividends, on a certain portfolio. 

Explain how you would value 伊) forward contracts and (b) E肘。>pean options on the 
index. 

A total return index behaves like a stock paying no dividends. In a risk-neutral world 
it can be expected to grow on average at the risk-free rate. Forward contracts and options 
on total return indices should be valued in the same way as forward contracts and options 
on non-dividend “ paying stocks. 

Problem 15.20. 
What is the put-call parity relationship for European currency options 

The put-call parity relationship for European currency options is 

c+Ke-rT =p 十 Se-r、jT

188 



To prove this result, the two portfolios to consider are: 
Portfolío A: one call option plus one discount bond which will be worth K at 
time T 
Portfolio B: one put option plus e-TjT of foreign currency invested at the foreign 
risk-free interest rate. 

Both portfolios are worth max(ST , K) at time T" They must therefore be worth the 
same today. The result follows. 

Problem 15.21. 
Can an option on the yen-euro exchange rate be created 企om two options, one on the 

dollar-euro exchange rate, and the other on the dollar-yen exchange rate? Explain your 
answer. 

There is no way of doing this. A natural idea is to create an option to exchange K 
euros for one yen from an option to exchange Y dollars for 1 yen and an option to exchange 
K euros for Y dollars. The problem with this is that it assumes that either both options 
are exercised or that neither option is exercised. There are always some circumstances 
where the first option is in-the-money at expiration while the second is not and vice versa. 

Problem 15.22. 
Prove the results in equation (15.1), (15.2), and (1 5.3) using the portfolios indicated. 

In portfolio A , the cash, if it is invested at the risk-free interest ra肥， will grow to K 
at time T. If ST > K , the call option is exercised at time T and portfolio A is worth ST. 
If ST < K , the call option expires worthless and the portfolio is worth K.. Hence, at time 
T , portfolio A is worth 

max(ST , K) 

Because of the reinvestment of dividends, portfolio B becomes one share at time T. It 
is, therefore, worth ST at this time. It follows that portfolio A is always worth as much 
as, and is sometimes worth more than, portfolio B at time T. In the absence of arbitrage 
opportunities, this must also be true today. Hence, 

c + Ke- rT 三三 Soe- qT 

or 
C :::三 Soe--qT Ke-TT 

This proves equation (15.1) 
In portfolio C, the reinvestment of dividends means that the portfolio is one put option 

plus one share at time T. If ST < K , the put option is exercised at time T and portfolio 
C is worth K. If ST > K , the put option expires worthless and the portfolio is worth ST. 
Hence, at time T , portfolio C is worth 

max(ST , K) 
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Portfolio D is worth K at time T. It follows that portfolio C is always worth as much 
蹈， and is sometimes worth more than, portfolio D at time T. In the absence of arbitrage 
opportunities, this must also be true today. Hence, 

p + Soe-qT 主 Ke-rT

or 
p:::三 kfTT-Soe qT 

This proves equation (15.2) 
Portfolios A and C are both worth max (ST , K) at time T. They must, therefore, be 

worth the same today, and the put-call parity resu1t in equation (15.3) fo l1ows. 

ASSIGNMENT QUESTIONS 

Problem 15.23. 
The Dow Jones Industrial Average on January 12, 2007 was 12,556 and the price of the 

March 126 call was $2.25. Use the DerivaGem software to calculate the implied volati1ity 
of this option. Assume that the risk-企的 rate was 5.3% and the dividend yield was 3%. 
The option expires on March 20, 2007. Estimate the price of a March 126 put. What is 
the volatility implied by the price you estimate for this option? (Note that options are on 
the Dow Jones index divided by 100. 

Options on the DJIA are European. There are 47 trading days between January 
12, 2007 and March 鉤， 2007. Setting the time to maturity equal to 47/252 = 0.1865 , 
DerivaGem gives the implied volatility as 10.23%. (If instead we use calendar days the 
time to maturity is 67/365=0.1836 a叫 the implied volatility is 10.33%.) 

From put cal1 parity (eql叫ion 13.3) the price of the put, p, (using trading time) is 
given by 

2.25 十 126e-0053XO 1865 = P + 125.56e一 o 03xO 1865 

so that p = 2.1512. DerivaGem shows that the implied volatility is 10.23% (as for the 
call). (If calendar time is used the price of the put is 2.1597 and the implied volatility is 
10.33% as for the call.) 

A European call has the same implied volatility as a European put when both have 
the same strike price and time to maturity.的 This is formally proved in the appendix to 
Chapter 17. 

Problem 15.24. 
A stock index currently stands at 300 and has a volati1ity of 20%. The risk-企θe interest 

rate is 8% and the dividend yield on the index is 3%. Use a three..-step binomial tree to 
value a six-month put option ∞ the index 叫th a strike price of 300 if it is (a) European 
and (b) American? 
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A shown by DerivaGem the value of the European option is 14.39 and the value of 
the American option is 14.97. 

Problem 15.25. 
Suppose that the spot price of the Canadian dollar is U.S. $0.85 and that the Canadian 

dollarjU.S. dollar exchange rate has a volati1ity of 4% per annum. The risk企ee rates 
of interest in Canada and the United States are 4% and 5% per annum, respectively. 
Calculate the value of a European call option to buy one Canadian dollar for U.S. $0.85 
in nine months. Use put-call parity to calculate the price of a European put option to sell 
one Canadian dollar for U.S. $0.85 in nine months. What is the price of a ca11 option to 
buy U.S. $0.85 with one Canadian dollar in nine months? 

In this case 80 = 0.85, K = 0.85, 'r = 0.05, 'rf = 0.04 ， σ= 0.04 and T = 0.75. The 
option can be valued using equation (15.11) 

ln (0.85/0.85) + (0.05 - 0.04 十 0.0016/2) X 0.75 
d1 = 一一一一一一一一一一一一一一一一一一一一一二 0.2338

0.04州:π

d2 = d1 - 0。但必:有= 0.1992 

and 
N(dd = 0.5924, N(d2 ) = 0.5789 

The value of the call, c, is given by 

c = 0.85e-004x075 X 0.0.5924 - 0.85e-005XO 75 x 0.5789 = 0.0147 

i.e. , it is 1.47 cents. From put-call parity 

p + 80e-- rfT 二 c + Ke- rT 

so that 
p = 0..0147 + 0.85ε-005x9j12 _ 0..85e-004x9j12 = 0..00854 

The option to buy US$0.85 with C$1.00 is the same as the same as an option to sell one 
Canadian dollar for US$0.85. This means that it is a put option on the Canadian dollar 
and its price is US$0.00854. 

Problem 15.26. 
A mutual fund announces that the salaries of its fund managers wil1 depend on the 

performance of the fund. If the fund loses money, the salaries wil1 be zero. If the fund 
mak，θs a prol詣， the salaries wil1 be proportiona1 to the pro自. Describe the salary of a 
fund manager as an option. How is a fund manager motivated to behave with this type of 
remuneration package? 

Suppose that K is the value of the fund at the beginning of the year and 8T is the 
value of the fund at the end of the year. 
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The salary of a fund manager is 

α max(ST - K , 0) 

where αis a constant. 
This shows that a fund manager h部 a call option on the value of the fund at the end 

of the year. All of the parameters determining the value of this call op七ion are outside 
the control of the fund manager except the volatility of the fund. The fund manager has 
an incentive to make the fund 部 volatile as possible! This may not correspond with the 
desires of the investors. One way of making the fund highly volatile would be by investing 
only in high-beta stocks. Another would be by using the whole fund to buy call options 
on a market index. 

It might be lugued that a fund manager would not do this because of the risk which the 
manager faces. If the fund earns a negative return the manager's salary is zero. However, 
a fund manager could hedge the risk of a negative return by, on his or her own account, 
taking a short position in call options on a stock market index. 

The position could be chosen so that if the market goes up , the gain on salary more 
than offsets the losses on the call options. 

If the market goes down the fund manager ends up with the price received for the call 
options. It is easy to see that the strategy becomes more attractive as the riskiness of the 
fund's portfolio increases. 

To summarize, the (s叩erficially attractive) remuneration package is open to abuse 
and does not necessarily motivate the fund managers to act in the best interests of the 
fund's investors. 

Problem 15.27. 
Âssume that the price of currency A expressed in terms of the price ûf cUïIencÿ B 

fol1ows the process 
dS = (TB - TA)S dt + σSdz 

where T A is the risk-free interest rate in currency A and TB is the risk-企ee interest rate in 
currency B. What is the process fol1owed by the price of currency B expressed in terms of 
currency A? 

The price of currency B expressed in terms of currency A is 1/ S. From Ito's lemma 
the process followed by X = 1/ S is 

dX = [(TB - TA)S X (一 1/S2) + 0.5σ282 x (2/ S3)]dt + σSx(一1/S2)dz 

or 
dX = [TA 一 TB+ σ2]Xdt 一 σXdz

This is Siegel's paradûx and is discussed further in Business Snapshot 29.. 1. 

Problem 15.28. 
The three-month fon九rard USD / euro exchange rate 的 1.3000. The exchange rate 

volati1ity is 15%. A US company wil1 have to pay 1 m il1ion euros in three months. The 
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euro and USD risk-企ee ratθs arθ 5% and 4%, respectively. The company decides to use a 
range forward contract with the lower strike price equa1 to 1.2500. 

(a) What should the higher strike price be to create a zero-cost contract 
(b) What position in calls and p口的 should thθ company take. 
扣) Does your answer depend on the e盯o risk-企ee rate? Explain. 
(d) Does your answer depend on the USD risk-企ee rate? Explain. 

(a) A put with a strike price of 1.25 is worth $0.019. By trial and error DerivaGem can 
be used to show that the strike price of a call that leads to a call having a price of 
$0.019 is 1.3477. This is the higher strike price to create a zero cost contract. 

(b) The cornpany should sell a put with strike price 1.25 and buy a call with strike price 
1.3477. This ensures that the exchange rate it pays for the euros is between 1.2500 
and 1.3477. 

(c) The answer does depend on the euro risk-free rate because the forward exchange rate 
depends on this rate 

(d) The answer does depend on the dollar risk-仕ee rate because the forward exchange 
rate depends on this rate. However, if the interest rates change so that the spread 
between the dollar and euro interest rates remains the same, the upper strike price 
is uncha時ed at 1.3477. This can be seen from equations (15.13) and (15.14). The 
forward exchange rate, Fo is unchanged and changing r has the same percentage effect 
on both the call and the put. 
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N otes for the Instructor 

CHAPTER 16 

:F'utures Options 

The chapter concerned with options on stock indices, currencies, and futures in the 
sixth edition has been split into two chapters (15 and 16) in the seventh edition. Chapter 
15 is concerned with options on stock indices and currencies; Chapter 16 is concerned with 
options on futures. 

The material on futures options has been restructured for the seventh edition. The 
chapter now spends more time discussing how Black's model can be used to price European 
options in terms of forward or futures prices. This is important material because in practice 
it is usually the case that practitioners use Black's model rather than Black--Scholes model 
for European options. By doing this they avoid the need to estimate the income on the 
underlying asset explicit1y. (The Black's model material in this chapter is extended to 
the stochastic interest rate case in Section 27.6.) This chapter also discusses futures style 
options which are becoming popular at some exchanges. A futures style option is a futures 
contract on the payoff from an option. 

The way 1 approach the material in the chapter is indicated by the slides. 1 like to use 
Problem 16..23 as a hand-in assignment because it provides practice using DerivaGem and 
1inks in with the material on volatility smiles in Chapter 18 and the material on American 
options in Chapter 19. 

QUESTIONS AND PROBLEMS 

Problem 16.1 
Explain the difference between a call option on yen and a call option on yen futures. 

A call option on yen gives the holder the right to buy yen in 七he spot market at an 
exchange rate equal to the strike price. A call option on yen futures gives the holder the 
right to receive the amount by which the futures price exceeds the strike price. If the 
yen futures option is exercised, the holder also obtains a long position in the yen futures 
contract. 

Problem 16.2. 
Why are options on bond futures more actively traded than options on bonds? 

The main reason is that a bond futures contract is a more liquid instrument than a 
bond. The price of a Treasury bond futures contract is known immediately from trading 
on CBOT. The price of a bond can be obtained only by contacting dealers. 
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Problem 16.3. 
“A futures price is like a stock paying a dividend yield." What is the dividend yield? 

A futures price behaves like a stock paying a dividend yield at the risk-企ee interest 
rate. 

Problem 16.4. 
A futures price is currently 50. At the end of six months it wi11 be either 56 or 46. 

The risk-企ee interest rate is 6% per annum. What is the value of a six-month European 
call option with a strike price of 50? 

In this c品e u = 1. 12 and d = 0.92. The probabi1ity of an up movement in a risk
neutral world is 

1- 0.92 
一一一一一一一 =0.4
1. 12 一 0.92

From risk-neutral valuation, the value of the call is 

e-0.06XO.5(0.4 x 6 + 0.6 x 0) = 2.33 

Problem 16.5. 
How does the put-call parity formula for a futures option differ 企om put-call parity 

for an option on a non-dividend-paying stock? 

The put-call parity formula for futures options is the same as the put-call parity 
formula for stock options except that the stock price is replaced by Foe-rT , where Fo is 
the current futures price, r is the risk-free interest rate, and T is the life of the option. 

Problem 16.6. 
Consider an American futures call option where the futures contract and the option 

contract expire at the same time. Under what circumstances is the futures option worth 
more than the corresponding American option on the underlying asset? 

The American futures call option is worth more than the corresponding American 
option on the underlying asset when the futures price is grea七er than the spot price prior 
to the maturity of the futures contract. This is the case when the risk-free rate is greater 
than the income on the asset plus the convenience yield. 

Problem 16.7. 
Galculate the value of a nve-month European put futures option when the futures 

price is $19, the strike price is $20, the risk-企ee interest rate is 12% per annum, and the 
volati1ity of the futures price is 20% per annum.. 

In this case Fo = 19, K = 20 ， γ= 0.12 ， σ= O.鉤， and T = 0 .4167. The value of the 
European put futures option is 

20N(一 d2 )ε-0 12x0 .4167 _ 19N( 也 )ε-0 心
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where 

This is 

or $1.50. 

Problem 16.8. 

In(19/20) + (0.04/2)0 .4167 
1= 一一一一一一一一三二二三?一一一一= -0.3327 

0.2v0 .4167 

d2 二吭一 0.2晶石前= .-0 .4618 

e-O 12XOA167[20N(0.4618) 一 19N(0.3327)]

= e-o 加0 .4167 (20 x 0.6778 - 19 x 0.6303) 

= 1.50 

Suppose you buy a put optíon contract on October gold futures with a strike price 
of $700 per ounce. Each contract is for the delivery of 100 ounces. What happens if you 
exercise when the October futures price is $6807 

An amount (700..- 680) X 100 =鈍， 000 is added to your margin account and you 
acquire a short futures position giving you the right to sell 100 ounces of gold in October. 
This position is marked to market in the usual way until you choose 七o close it out. 

Problem 16.9. 
Suppose you sell a call optíon contract on Apríl live cattle futures wíth a stríke price 

of 90 cents per pound. Each contract ís for the delívery of 40,000 pounds. What happens 
íf the contract is exercised when the futures príce ís 95 cents? 

In this case an amount (0.95 - 0.90) X 40,000 = $2,000 is subtracted 台om your 
margin account and you acquire a short position in a live cattle futures contract to sell 
40,000 pounds of cattle in April. This position is marked to marked in the usual way until 
you choose to close it out. 

Problem 16.10. 
Consider a two-month call futures option with a strike price of 40 when the risk-企ee

interest rate ís 10% per annum. The current futures príce is 47. What is a lower bound 
for the value of the futures option íf it is (.吋 European and (b) American 7 

Lower bound if option is European is 

(Fo- K)e- rT = (47 - 40)e一o 1x2j12 = 6.88 

Lower bound if option is American is 

Fo - K = 7 

Problem 16.11. 
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Consider a four-month put futures option with a strike price of 50 when the risk-丘ee

interest 1叫e is 10% per annUill.. The cuuent futures price is 47. What is a lower bound 
for the value ofthe futures option if it is (a) European and (b) American? 

Lower bound if option is European is 

(K --- Fo)e- rT = (50 - 47)e一O.lx4j12 = 2.90 

Lower bound if option is American is 

K - Fo = 3 

Problem 16.12. 
A futures price is currently 60 and its volatility is 30%. The risk-free interest rate is 

8% per annum. Use a two-step binomial tree to calculate the value of a six-month call 
option on the fut叮當 with a strike price of 60 If the call were American, would it ever be 
worth exercising it early? 

In this case u = e03X卅五百 = 1.1618 and d = l/u = 0.8607 the risk吼叫ral pr伽bility
of an up move is 

1 - 0..8607 
p= 一一一一一一一一= 0.4626 

1.1618- 0.8607 

In the tree shown in Figure 816.1 the middle number at each node is the price of the 
European option and the lower number is the price of the American option. The tree 
shows that the price of the European option is 4.3155 and the price of the American 
option is 4 ..4026. The American option should sometimes be exercised early. 

60.0000 
4 .3 155 
44026 

80.9915 
20.9915 
126000 

60.0000 
0..0000 
0..0000 

44 .4491 
00000 
0.0000 

Figure 816.1 Tree to evaluate European and American call options in Problem 16.12. 

Problem 16.13. 
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In Problem 16..12 what is the value of a six-month European put option on futures 
with a strike price of 60? If the put were American, would it ever be worth exercising it 
early? Verity that the call prices calculated in Problem 16.12 and the put prices calculated 
here satis命 put-call parity relationships. 

The parameters u , d, and p are the same as in Problem 16.12. The tree in Figure 
816.2 shows that the price of the European option is 3..0265 while the price of the American 
option is 3.0847吋

Because c = p and Fo = K the put-cal1 parity realtionship in equation (16.1) clear1y 
holds. For the American option prices we have: 

c -P = 0; Foe- rT -- K = -2.353; Fo - K e-rT = 2.353 

The put--cal1 inequalities for American options in equation (16.2) are therefore satisfied 

60 .0000 
43155 
4 .4026 

80 吋 9915

00000 
00000 

60..0000 
0..0000 
0..0000 

44 .4491 
15.5509 
15..5 509 

Figure 816.2 Tree to evaluate European and American put options in Problem 16.13. 

Problenl 16.14. 
A futures price is currently 25, its volatility is 30% per annum, and the risk-free 

interest rate is 10% per annum. What is the value of a nine-month European cal1 on the 
futures with a strike price of 26? 

In this case 月二話， K=26， σ= 。“ 3 ， r = 0.1 , T = 0.75 

的一 ln(Fo/K)+σ2T/2
1 一間一一一一 一~ 一一一= ---0.0211 

σvT 

d-ln(月/K卜。可/2
2 一一一一一一一言?一一一一 =--0.2809

σ、/T

c = e- 0075 [25N(-0.0211) - 26N(一 0.2809)]
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= e-O 075[25 x 0.4916 - 26 x 0.3894] = 2.01 

Problern 16.15. 
A futures price is currently 70, its volatility is 20% per annum, and the risk-free 

interest rate is 6% per annum. What is the value of a five-month European put on the 
futures with a strike price of 65? 

In this case 月二 70， K 立的， σ= 0.2 , r = 0.06, T = 0.4167 

Problern 16.16. 

ln(Fo/K) +σ2T/2 
1 一一一一三「一一一= 0.6386 

σ、IT

ln(九/K) -.. (J2T /2 
2= 一一一一一一=一一一一= 0.5095 

(JvT 
p= e-o 。可65N(一0.5095) 一 70N(一0.6386月

二 e-o 。叮65 x 0.3052 - 70 x 0.2615] = 1.495 

Suppose that a one-year futures price is currently 35. A one-year EurοIpean call option 
and a one-year European put option on the futures with a strike price of 34 are both priced 
at 2 in the market. The risk-企ee interest rate is 10% per annum. Identi命 an arbitrage 
op portuni ty. 

In this case 
C 十 Ke-rT 二 2 寸 34e-O . 1x1 = 32.76 

p+ Foe- rT = 2 十 35e-o 1 x 1 = 33.67 

Put-call paríty shows that we should buy one call, short one put and short a futures 
contract. This costs nothing up front. In one year , either we exercise the call or the put 
is exercised against us. In either case, we buy the asset for 34 and close out the futures 
position.. The gain on the short futures position is 35 - 34 = L 

Problern 16.17. 
“The price of an at-.the-money European call futures option always equals the price of 

a similar at-.the-money European put futures option." Explain why this statement is true. 

The put price is 
e-rT[KN(一d2 ) - FoN( -d1 )] 

Because N ( - x) = 1 - N (x) for all x the put price can also be written 

e-rT[K - KN(d2 ) 一九十 FoN(d1 )]

Because 月二 K this is the same as the call price: 

e-rT[FoN(d1 ) -- KN(d2 )] 
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This result can also be proved from put-call parity showing that it is not model dependent. 

Problem 16.18. 
Suppose that a futures price is currently 30. The risk-企ee interest rate is 5% per 

ann um. A thre• month American call futures option with a strike price of 28 is worth 4. 
Calculate bounds for the price of a threφmonth American put futures option with a strike 
price of 28. 

From equation (16.2) , C - P must lie between 

30e---005X3/12_ 28 = 1.63 

and 
30 - 28e--005X3/12 = 2.35 

Because C = 4 we must have 1.63 < 4 戶 P < 2.35 or 

1.65 < P < 2.37 

Problem 16.19. 
Show that if C is the price of an American call option on a futures contract when the 

strike price is K and the maturity is T , and P is the price of an American put on the same 
futures contract with the same strike price and exercise date, 

Foe-TT K<C-P<Fb-keTT 

where Fo is the futures price and r is the risk-企ee rate. Assume that r > 0 and that there 
is no diiference between forward and futures contracts. (Hint: Use an analogous approach 
to that indicated for Problem 15.12.) 

In this case we consider 
Portfolio A: A European call option on futures plus an amount K invested at the 
risk-free interest rate 
Portfolio B: An American put option on futures plus an amount Foe- T'T invested 
at the risk-free interest rate plus a long futures contract maturing at time T. 

Fo11owing the arguments in Chapter 5 we will treat a11 futures contracts as forward 
contracts. Portfolio A is worth c + K while portfolio B is worth P + Foe- T'T. lf 七he put 
option is exercised at time T (0 三 T < T) , portfolio B is worth 

K-Fr 十 Foe-r{T-r) + Fr -- Fo 

=K + Foe-T'{T-r) 一九 <K

的 time T where Fr is the futures price at time T. Portfolio A is worth 

c+ Ke7"T 三 K
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Hence Portfolio A more than Portfolio B. If both portfolios are held to mat山ity (time T) , 
Portfolio A is worth 

max(Fr- K , 0) + K err 

=max(Fr , K) + K(erT -1) 

Portfolio B is worth 

max(K - Fr , 0) + Fo + Fr 一 Fo = max(Fr , K) 

Hence portfolio A is worth more than portfolio B. 
Because portfolio A is worth more than portfolio B in all circumstances: 

P + Foe-r(r--t) < c + K 

Because c < C it follows that 
P + Foe -rr < C + K 

or 
Foe-rr - K < C - P 

This proves the first part of the inequality. 
For the second part of the inequality consider: 

Portfolio C: An American call futures option plus an amount K e---rr invested at 
the risk-free interest rate 
Portfolio D: A European put futures option plus an amount Fo invested at the 
risk-free interest rate plus a long futures contract. 

Portfolio C is worth C + Ke- rT while portfolio D is worth p + Fo. If the call option 
is exercised at time T (0 三 T < T) portfolio C becomes: 

FT - K + K e-r(r-T) < FT 

while portfolio D is worth 

p+ FoerT + FT 一月
= p + Fo(e rT - 1) +民主 FT

Hence portfolio D is worth more than portfolio C. If both portfolios are held to maturity 
(time T) , portfolio C is worth max(Fr , K) while portfolio D is worth 

max(K -- Fr , 0) + FoeT'r -+- Fr -- Fo 

=max(K, Fr) + 月 (err - 1) 

>max(K, Fr) 

Hence portfolio D is worth more than portfolio C. 
Because portfolio D is worth more than portfolio C in all circumstances 

C 十 Ke-rr < p+ Fo 
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Because p 三 P it follows that 

C+Ke刊'T <P十月

or 
C--P<Fo-Ke-rT 

This proves the second part of the inequality. The result: 

Fbe-TT-K<C-P<Fb-Ke-TT 

has therefore been proved. 

Problem 16.20. 
Calculate the pricθ of a three--month European call option on the spot price of si1ver. 

The three--month futures price is $12, the strike price is $13, the risk-企ee rate is 4%, and 
the volatility of the price of si1ver is 25%. 

This has the same value aβa three心month call option on silver futures where the 
futures contract expires in three months. It can therefore be valued using equation (16.9) 
with Fo = 12, K = 13, T = O.悅， σ= 0.25 and T = 0.25. The value is 0.244. 

Problem 16.21. 
A corporation knows that in three months it wi11 have $5 m i11ion to invest for 90 days 

at LIBOR minus 50 basis points and wishes to ensure that the rate obtained wi11 be at 
least 6.5%. What position in exchange-.traded interest-rate options should the corporation 
take? 

The rate received will be less than 6.5% when LIBOR is less than 7%. The corporation 
requires a three-month call option on a Eurodollar futures option with a strike price of 93. 
If three-month LIBOR is greater than 7% at the option maturity, the Eurodollar futures 
quote at option maturity will be less than 93 and there will be no payo旺 from the option. If 
the three-month LIBOR is less than 7% , one Eurodollar futures options provide a payoff of 
$25 per 0.01 %. Each 0.01 % of interest costs the corporation $500 (= 5,000,000 x 0.0001) 。
A total of 500/25 = 20 contracts are therefore reql血 ed.

ASSIGNMENT QUESTIONS 

Problem 16.22. 
A futures price is currently 40. It is known that at the end of three months the price 

wi11 bθ either 35 or 45. What is the value of a three--month European call option on the 
futures with a strike price of 42 if the risl←企ee interest rate is 7% per annum? 

In this case u = 1.125 and d = 0.875. The risk-neutral probabi1ity of an up move is 

(1 一 .875)/( 1. 125 - 0.875) = 0.5 
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The value of the option is 

e-O 07X025[0.5 x 3 + 0.5 x 0] = 1.474 

Problem 16.23. 
It is February 4.. July call options on corn futures with strike prices of 260, 270, 280, 

290, and 300 cost 26.75, 21.25, 17.25, 14..00, and 11.375, respectively. July put options with 
these strike prices cost 8.50, 13.50, 19.00, 25.625, and 32.625, respectively. The options 
mature on June 19, the current July corn futures price is 278.25, and the risk-free interest 
rate is 1.1%. Calculate implied volati1ities for the options using DerivaGem. Comment on 
the resu1ts you get.. 

There are 135 days to maturity (assuming this is not a leap year). Using DerivaGem 
with Fo = 278..25, r = 1.1 %, T = 135/365, and 500 time steps gives the implied volatilities 
shown in the table below. 

戶一----------_._-一 一一 一一一一

Strike Call Put Call Put 
Price Price Price Imp Vol Imp Vol 

一一一一一 一一一一 一一一

260 26.75 8.50 24.69 24.59 
270 21.25 13.50 25 .40 26.14 
280 17.25 19..0。 26.85 26.86 
290 14.00 25.625 28.11 27.98 
300 11.375 32.625 29.24 28.57 
310 9..25 34.32 

We do not expect put- 一call parity to hold exactly for American options and so there 
is no reason why the implied volatility of a call should be exactly the same as the implied 
volatility of a put. Nevertheless it is reassuring that they are close. 

There is a tendency for high strike price options to have a higher implied volatility. 
As explained in Chapter 18, this is an indication that the probability distribution for 
corn futures prices in the future has a heavier right tail and less heavy left tail than the 
lognormal distribution. 

Problem 16.24. 
Calculate the ímplied volati1ity of soybean futures prices from the following informa-

tion concθ'Tning a Europea11 put 011 soybea11 futures: 
CUITent futures price 525 
Exeróse price 525 
Risk-丘ee rate 6% per annum 
Time to maturity 5 months 
Put price 20 

In this case Fo = 525, K = 525, r = 0.06 , T = 0.4167. We wish to find the value of σ 
for which p = 20 where: 

p = Ke- rT N(一d2 ) - Foe- rT N(一dd
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This must be done by trial and error. When σ= 0.2, p = 26.36. When σ= 0.15, p = 19.78. 
When σ= 0.155, P = 20.44. When σ= 0.152, p = 20.04. These calculations show that 
the implied volatility is approximately 15.2% per annum. 

Problem 16.25. 
Calculate the price of a six-month European put option on the spot value of the S&P 

500. The six-month forward price of the index is 1,400, the strike price is 1,450, the 
risk也企ee rate is 5%, and the volati1ity of the index is 15%. 

The price of the option is the same as the price of a European put option on the 
forward price of the index where the forward contract has a maturity of six months. It is 
given by equation (16.10) with Fo = 1400, K = 1450, r = 0.05 ， σ= 0.15, and T = 0.5. It 
is 86.35. 
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Notes for the Instructor 

CHAPTER 17 
The Greek Letters 

This chapter covers the way in which traders working for financial institutions and 
mar ket makers on the fioor of an exchange hedge portfolio of derivatives. Students generally 
enjoy the chapter. The software, DerivaGem for Excel, can be used to demonstrate the 
relationships between any of the Greek letters and variables such as 8 0 , K， 吭吭 and T. 

The chapter has been restructured for the seventh edition. Up to Section 17.12 the 
presentation now focuses on the calculation of Greek letters for stocks. Section 17.12 
then extends the results to other underlying assets (stock indices, currencies and futures). 
Section 17.12 also covers the difference between the delta of futures and forward contracts. 
This restructuring, suggested by an instructor who adopted the book, creates a significant 
improvement in the way the material is presented. 

It is important to make sure that students understand what is meant by hedging and 
in particular what constitutes a good hedge. A financial institution is well hedged with 
respect to an underlying variable if its wealth position is largely una証ected by changes in 
the value of the variable. The naked positions and covered positions described in Section 
17.2 are clearly not perfect hedges. The deceptively simple stop-loss rule in Section 17.3 
is also far from perfect. Delta hedging works better. In fact , it works perfectly if volatility 
is constant and the position in the underlying asset is changed continuously. In practice 
of course positions cannot be changed continuously and volatility is not constant so that 
delta hedging is than less than perfect (See Tabl的 17.2 ， 17.3 and 17.4 for the impact of 
discrete rebalancing ,,) 

1 spend some time on Figure 17.7. It shows that the error in delta hedging depends 
on the curvature of the relationship between the derivative's price and the price of the 
underlying asset. This observation provides a lead in to gamma, which measures curvature. 
1 find it worth going through a numerical example to show how a portfolio that is both 
gamma-neutral and delta-neutral can be constructed. 

Theta is not the same type of hedge statistic as delta and gamma because there is no 
uncertainty about the rate at which time will PasS岫It is an interesting description of one 
aspect of a portfolio of derivatives. When delta is ze凹， equation (17.4) shows that theta 
is a proxy for gamma. When gamma is large and negative theta is large and positive, and 
vlce versa. 

Whereas gamma hed 
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portfolio insurance involves creating a long position in an option synthetically. By contrast, 
hedging a long op七ion position involves creating a short position in the option synthetically. 

Problems 17.24, 17.25, 17.鉤， 17.27 (more di血cult) ， and 17.30 (more di血cult) all make 
good assignment questions. 

QUESTIONS AND PROBLEMS 

Problem 17.1. 
Explain how a stop-loss hedging scheme can be implemented for the writer of an 

out-oιthe-money call option. Why does it provide a relatively poor hedge? 

Suppose the strike price is 10.00. The option writer aims to be fully covered whenever 
the option is in the money and naked whenever it is out of the money. The option writer 
attempts to achieve this by buying the assets under1ying the option as soon as the asset 
price reaches 10.00 from below and selling as soon as the asset price reaches 10.00 from 
above. The trouble with this scheme is that it 船sumes that when the asset price moves 
from 9.99 to 10.00, the next move will be to a price above 10.00. (In practice the next 
move might back to 9.99.) Similar1y it assumes that when the asset price moves from 10.01 
to 10.00, the next move will be to a price below 10.00. (In practice the next move might 
be back to 10.01.) The scheme can be implemented by buying at 10.01 and selling at 9.99. 
However, it is not a good hedge. The cost of the trading strategy is zero if the asset price 
never reaches 10.00 and can be quite high if it reaches 10.00 many times. A good hedge 
has the property that its cost is always very close the value of the option. 

Problem 17.2. 
What does it mean to assert that the delta of a call option is 0.7? How can a short 

position in 1,000 options be made delta neutral when the delta of each option is 0.7? 

A delta of 0.7 means that, when the price of the stock increases by a small amount, the 
price of the option increases by 70% of this amount. Similar ly, w hen the price of the stock 
decreases by a small amount, the price of the option decreases by 70% of this amount. A 
short position in 1,000 options has a delta of -700 and can be made delta neutral with 
the purchase of 700 shares. 

Problem 17.3. 
Calculate the de1ta of an at- th• money six-month European call option on a non-

dividend-paying stock when t11e risk-企ee interest rate is 10% per annum and the stock 
price volatility is 25% per annum. 

In this case 80 = K， γ= 0.1 ， σ= 0.25, and T = 0.5. Also, 

1= 些也/K) 土巴123竺/2)0.5 = 0.3712 
0.25v'0.5 

The delta of the option is N(d I) or 0.64. 
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Problem 17.4. 
What does it mean to assert that the theta of an option position is ~0.1 when time 

is me部ured in years? If a trader feels that neither a stock price nor its implied volatility 
wi11 change, what type of option position is appropriate? 

A theta of --0.1 means that if ßt units of time pass with no change in either the stock 
price or its volatility, the value of thc option declines by O.lßt. A trader who feels that 
nei七her the stock price nor its implied volatility will change should write an option with 
as high a negative theta as possible. Relatively short-life 刮目the-money options have the 
most negative thetas. 

Problem 17.5. 
What is meant by the gamma of an option position? What are the risks in the 

situation where the gamma of a position is large and negative and the delta is zero? 

The gamma of an option position is the rate of change of the delta of the position 
with respect to the asset price. For example, a gamma of 0.1 would indicate that when 
the asset price increases by a certain small amount delta increases by 0.1 of this amount. 
When the gamma of an option writer's position is large and negative and the delta is zero, 
the option wri抗te缸l' willlose s剖ign叫i泊且C臼a叫 amounts of mor 
an increase 0 1' a decrease) in the asset price. 

Problem 17.6. 
“The procedure for creating an option position synthetically is the reverse of the 

procedure for hedging the option position." Explain this statement. 

To hedge an option position it is necessary to create 七he opposite option position 
synthetically. For example, to hedge a long position in a put it is necessary to create a 
short position in a put synthetically. It follows that the procedure for creating an option 
position synthetically is the reverse of the procedure for hedging the option position. 

Problem 17.7. 
Why did portfolio insurance not work well on October 19, 1987? 

Portfolio insurance involves creating a put option synthetically. It assumes that as 
soon as a portfolio's value declines by a small amount the portfolio manager's position 
is rebalanced by either (a) selling part of the po1'tfolio, or (b) selling index futures. On 
Octobe1'時， 1987 , the market declined so quickly that the sort of rebalancing anticipated 
in portfolio insurance schemes could not be accomplished. 

Problem 17.8. 
The Black~Scholes price of an out-of-the-money call option with an exercise price of 

$40 is $4. A trader who has written the option plans to use a stop呵10ss s古rategy. The 
trader's plan is to buy 叫做0.10 and to sell at $39.90. Estimate the expected number of 
times the stock wi11 be bought or sold. 

The strategy costs the trader 0.10 each time the stock is bought or sold. The total 
expected cost of the strategy, in present value terms , must be $4. This means that the 
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expected number of times the stock will be bought or sold is approximately 40. The 
expected number of times it will be bought is approximately 20 and the expected number 
of times it will be sold is also approximately 20. The buy and sell transactions can take 
place at any time during the life of the option. The above numbers are therefore only 
approximately correct because of the effects of discounting. Also the estimate is of the 
number of times the stock is bought or sold in the risk-neutral wor泊， not the real world. 

Problem 17.9. 
Suppose that a stock price is currently $20 and that a call option with an exercise 

price of $25 is created synthetically using a continually changing position in the stock.. 
Consider the following two scenarios: 

a. Stock price increases steadily 企om $20 to $35 during the life of the option. 
b. Stock price oscillates wi1dly, ending up at $35. 

Which scenario would make the synthetically created option morθθ耶ensive? Explain 
your answer. 

The holding of the stock at any given time must be N(d1 ). Hence the stock is bought 
just after the price has risen and sold just after the price has fallen. (This is the buy 
high sell low strategy referred to in 七he text.) In the first scenario the stock is continually 
bought. In second scenario the stock is bought, so泊， bough七 again， sold again, etc. The 
final holding is the same in both scenarios" The buy, sell, buy, sell... situation clearly 
leads to higher costs than the buy, buy, buy... situation. This problem emphasizes one 
disadvantage of creating options synthetically. Whereas the cost of an option that is 
purchased is known up front and depends on the forecasted volatility, the cost of an option 
that is created synthetically is not known up front and depends on the volatility actually 
encountered. 

Problem 17.10. 
What is the delta of a short position in 1,000 European call options on si1ver futures? 

The options mature in eight months, and the futures contract underlying the option ma
tures in nine months. The current ninφmonth futures price is $8 per ounce, the exercise 
price of the options is $8, the risk-企ee interest rate is 12% per annum, and the volatility 
of silver is 18% per annum.. 

The delta of a European futures call option is usually defined as the rate of change of 
the option price with respect to the futures price (not the spot price). It is 

e-rT N(dr) 

In this c品e Fo = 8, K = 8， γ= 0.12 ， σ= 0.18, T = 0.6667 

dl = ln(8月)+(oi笠主x 0.6667 1= 一一一一一 - 1-' . . ----- , = 0.0735 
0.18v'0.6667 

N(d1 ) = 0.5293 and the delta of the option is 

e- O 12x06667 X 0.5293 = 0.4886 
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The delta of a short position in 1,000 futures options is therefore -488.6. 

Problem 17.11. 
In Problem 17.10, what initia1 position in nine-month silver futures is necessary for 

delta hedging? If si1ver itself is used, what is the initial position? If one-year si1ver futures 
are used, what is the initial position? Assume no storage costs for si1ver. 

In order to answer this problem it is important to distinguish between the rate of 
change of the option with respect to the futures price and the rate of change of its price 
with respect to the spot price. 

The former will be referred to as the futures delta; the latter will be referred to as the 
spot delta. The futures delta of a nine-month futures contract to buy one ounce of s i1ver is 
by definition 1.0. Hence, from the answer to Problem 17.10, a long position in nine-month 
futures on 488.6 ounces is necessary to hedge the option position. 

The spot delta of a nine-month futures contract is e012XO.75 1. 094 船suming no 
storage costs. (This is because silver can be treated in the same way as a non-dividend
paying stock when there are no storage costs. Fo = SoerT so that the spot delta is the 
futures delta times erT ) Hence the spot delta of the option position is 一488.6 x 1..094 = 
---534.6. Thus a long position in 534.6 ounces of silver is necessary to hedge the option 
position. 

The spot delta of a one-year silver futures contract 七o buy one ounce of silver is 
e012 = 1.1275. Hence a long position in e-012 x 534.6 = 474.1 ounces of one-year silver 
futures is necessary to hedge the option position. 

Problem 17.12. 
A company uses delta hedging to hedge a portfolio of long positions in put and call 

options on a currency. Which of the following would giv1θ the most favorable result? 
a. A virtually constant spot rate 
b. W i1d movements in the spot rate 

Explain your 組SWIθr.

A long position in either a put or a call option has a positive gamma. From Figure 
17.8, when gamma is positive the hedger gains from a large change in the stock price and 
loses 宜。m a small change in the stock price. Hence the hedger will fare better in case (b). 

Problem 17.13. 
Repeat Problem 17吋 12 fOI' a fìnancial institution with a portfolio of short positions in 

put and call options on a cunency. 

A short position in either a put or a call option has a negative gamma. From Figure 
17.8, when gamma is negative the hedger gains rrom a small change in the stock price and 
loses from a large change in the stock price. Hence the hedger will fare better in case (a). 

Problem 17.14. 
A financial institution has just sold 1,000 seven-.month European call options on the 

Japanese yen. Suppose that the spot exchange rate is 0.80 cent per yen, the exercise price 
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的 0.， 81 cent per yen, the risk-企ee interest rate in the United States is 8% per annum, the 
risk-企ee interest rate in Japan is 5% per annum, and the volati1ity of the yen is 15% per 
annum.. Calculate the delta, gamma, vega, theta, and rho of the 丑nancia1 institution 's 
position. Interpret each number. 

In this case 80 = 0.80, K = 0.81, r = 0.08, rf = 0.05 ， σ= 0.15, T = 0.5833 

d In (0.80/0.81) + (0.08 一 0.05 + 0.152 /2) x 0.5833 
1 二 、 {一一一=----_/一一一一一一= 0.1016 

0.15 

d2 = 的 - 0.15JQ.蕊誌二一0.0130

N(dd = 0.5405; N(也) = 0.4998 

The delta of one cal1 option is e-rfT N(d1 ) = e 一0.05x05833 x 0.5405 = 0.5250 

NI(d1):i-e一再/2 = ~e-000516 = 0.3969 
丹王 晶石

N'(dJ)e-1'JT 0.3969 x 0.9713 
一一一=一一一一一一一一一一一一一一= 4.206 

80aVT 0.80 x 0.15 x V前蕊3

so that the gamma of one call option is 

The vega of one call option is 

80V于N'(dI)e-1'jT 二 0.8。“豆豆豆 x 0.3969 x 0.9713 = 0.2355 

The theta of one cal1 option is 

80N' (d1)O'e-rjT 一一-一一一可言一一 + rf80N(dJ)e-rjT .- rKe-- rT N(d2 ) 
2vT 

0.8 x O.3969 x 0.15x 0.9713 
2V認認3

+ 0.05 x 0.8 x 0.5405 x 0.9713 一 0.08 x 0.81 x 0.9544 x 0.4948 

:一。..0399

The rho of one call option is 
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Delta can be interpreted as meaning that, when the spot price increases by a small 
amount (measured in cents) , the value of an option to buy one yen increases by 0.525 times 
that amount. Gamma can be interpreted as meaning that, when the spot price increases 
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by a small amount (measured in cents) , the delta increases by 4.206 times that amount. 
Vega can be interpreted as meaning that , when the volatility (measured in decimal form) 
increases by a small amount, the option's value increases by 0.2355 times that amount. 
When volatility increases by 1% (= 0.01) the option price increases by 0.002355. Theta 
can be interpreted as meaning that, when a small amount of time (measured in years) 
passes, the option's value decreases by 0.0399 times that amount. In particular when one 
calendar day pass的 it decreases by 0., 0399/365 = 0.000109. Finally, rho can be interpreted 
as meaning that, when the interest rate (measured in decimal form) increases by a small 
amount the option's value increases by 0.2231 times that amount. When the interest rate 
increases by 1 % (= 0.01), the options value increases by 0.002231. 

Problem 17.15. 
Under what circumstancθs is it possible to make a European option on a stock index 

both gamma neutral and vega neutral by adding a position in onθ other European option? 

Assume that 30 , K， 叭叭 T， q are the parameters for the option held and 此， K弋吭

吭 T弋 q are the parameters for another option. Suppose that d1 has its usual meaning and 
is calculated on the basis of the first set of parameters while dî is the value of d1 calculated 
on the basis of the second set of parameters. Suppose further that 叩 of the second option 
are held for each of the first option held. The gamma of the portfolio is: 

α [ N F W F E N州州叫川f呵w明， (dî)例叫附d叫叩î)知ε
一一一一一一一一一 +叩-

30σVT ,- 30a fl* 

whereαis the number of the first option held. 
Since we require gamma to be zero: 

占心
叫
一
州

N
一

The vega of the portfolio is: 

α[30丹N' (d1 )e-- Q(T) 十凹30仔N' (d;: )e-Q(T*)] 

Since we require vega to be zero: 

叫
一
州

N
一作

Equating the two expressions for 切
T* =T 

Hence the maturity of the option held must equal the maturity of the option used for 
hedging. 
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Problem 17.16. 
A fund manager has a ，再rell-diversifìed portfolio that mirrors the performance of the 

S&P 500 and is worth $360 million. The value of the S&P 500 is 1,200, and the portfolio 
manager would lik，θto buy insurance against a reduction of more than 5% in the va1ue of 
the portfolio over the next six months. The risk-企ee interest rate is 6% per annum. The 
dividend yield on both the portfolio and the S&P 500 is 3%, and the volatility ofthe index 
is 30% per annum. 

a. If the fund manager buys traded European put options, how much would the insurance 
cost? 

b. Explain carefully alternative strategies open to the fund manager involving traded 
European call options, and show that they lead to the same result. 

c. If the fund manager decides to provide insurance by keeping part of the portfo1io in 
risk-free securities, what should the initial position be? 

d. If the fund manager decides to provide insurance by using nine-month index futures, 
what should the initial position be? 

The fund is worth $300,000 times the value of the index. When the value of the 
portfolio falls by 5% (to $342 million) , the value of the S&P 500 also falls by 5% to 1140. 
The fund manager therefore requires European put options on 300,000 times the S&P 500 
with exercise price 1140. 
(a) SO = 1200, K = 1140 ， γ= 0.06 ， σ= 0.30, T = 0.50 and q = 0.03. Hence: 

d l叫1200/1140) 十 (0.06- 0.03 +0.32/2) X 0.5 
1 =一一一一一一 、 一 / = 0.4186 

0.3JQ.5 
d2 = d1 - 0.3必.5 = 0.2064 

N(d1 ) = 0.6622; N(d2) = 0.5818 

N(----d1 ) = 0.3378; N(一d2 ) = 0.4182 

The value of one put option is 

1140e--rT N( -d2) - 1200e-qT N( 一d1 )

=1140e-006x05 X 0.4182 -- 1200e-003x05 X 0.3378 

=63 .40 

The total cost of the insurance is therefore 

300,000 X 63.40= $19,020,000 

(b) From put-call parity 
SOe-qT 十 p=c 十 Ke-rT

or: 
p = c -- Soe-qT 十 Ke--.rT
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This shows that a put option can be created by selling (or shorting) e-.qT of the 
index , buying a call option and investing the remainder at the risk-free rate of interest. 
Applying this to the situation under consideration, the fund manager should: 

1) Sell 360e--003x05 = $354.64 million of stock 
2) Buy call options on 300,000 times the S&P 500 with exercise price 1140 and 

maturity in six months. 
3) Invest the remaining cash at the risk-free interest rate of 6% per annum. 

This strategy gives the same result as buying put options directly. 
(c) The delta of one put option is 

e-qT [N(d1 ) - 1] 
=e-O 03x05 (0.6622 - 1) 

- 0.3327 

This indicates that 33.27% of the portfolio (i. e.. , $119..77 million) should be initially 
sold and invested in risk-free securities. 

( d) The delta of a nine-month index futures contract is 

e(r 一q)T = eO 03xO.75 = 1.023 

The spot short position required is 

119 學 770.000
---，一一-，一一= 99 ‘ 808 

1200 

times the index. Hence a short position ill 

99 ‘ 808 , - - - - = 390 
1.023 x 250 

futures contracts is required. 

Problem 17.17. 
Repeat Problem 17.. 16 on the assumption that the portfolio has a 加的 of 1.5. Assume 

that the dividθnd yield on the portfolio is 4% per annum. 

When the value of the portfolio goes down 5% in six mont恤， the total return from 
the portfolio, including dividends, in the six months is 

-5+2 =一3%

i.e. , -6% per annum. This is 12% per annum less than the risk-.free interest rate. Since the 
portfolio has a beta of 1.5 we would expect the market to provide a return of 8% per annum 
less than the risk-free interest rate, i.e. , we would expect the market to provide a return of 
-2% per annum. Since dividends on the market index are 3% per annum, we would expect 
the market index to have dropped at the rate of 5% per annum or 2.5% per six months; i.e. , 
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we would expect the market to have dropped to 1170. Aωωof 450, 000 = (1.5 x 300, 000) 
put options on the S&P 500 with exercise price 1170 and exercise date in six months are 
therefore required. 

(a) SO = 1200, K = 1170 ， γ= 0.06 ， σ= 0.3, T = 0.5 and q = 0.03. Hence 

dl=!E但也但也- (1吧?1竺土O09/2) ×位= 0.2961 
0.3v'υ.5 

d2 = d1 - 0.3而.5 = 0.0840 

N(d1 ) = 0.6164; N(d2) = 0.5335 

N( -d1 ) = 0.3836; N(一d2 ) = 0.4665 

The value of one put option is 

K e-rT N( -d2 ) - Soe- qT N( -dI) 
=1l70e-006X05 x 0.4665 -- 1200e-003x05 x 0.3836 

=76.28 

The total cost of the insurance is therefore 

450,000 x 76 ,, 28 = $34,326,000 

Note that this is significantly greater than the cost of the insurance in Problem 17.16. 

(b) As in Problem 17.16 the fund manager can 1) sell $354.64 mi1lion of stock, 2) buy call 
options on 450,000 times the S&P 500 with exercise price 1170 and exercise date in 
six months and 3) invest the remaining cash at the risk企ee interest rate. 

( c ) The portfolio is 50% more volatile tha叭he S&P 500. When the insurance is considered 
as an option on the portfolio the parameters are as follows: So 360, K 342, 
r = 0.06 ， σ= 0.45, T = 0.5 and q = 0.04 

d
1 
= 些空空逝世姓生二豆豆4+1巴拉扯啞= 0.3517 

0.45v'0.5 

The delta of the option is 

N(dd = 0.6374 

e-qT [N(d1) ""- 1] 
=e-004X05(0.6374 - 1) 

= - 0.355 

This indicates that 35.5% of the portfolio (i.e. , $127.8 million) should be sold and 
invested in riskless securities. 
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(d) We now return to the situation considered in (a) where put 叩tions on the index are 
required.. The delta of each put option is 

e- qT (N(d1 ) - 1) 
二e-003XO 5(0.6164 - 1) 

立一 0.3779

The delta of the total position required in put options is -450,000 x 0.3779 
-170,000. The delta of a nine month index futures is (see Problem 17.16) 1.023. 
Hence a short position in 

index futures contracts. 

170.000 
一一一一= 665 1.023 x 250 

Problem 17.18. 
Show bys凶stituting for the varíous terms ín equatíon (1 7.4) that the equatíon ís true 

for.: 
a. A single European ca11 option on a non-dividend-paying stock 
b. A single European put option on a non..dividend-paying stock 
c., Any portfolio of European put and ca11 options on a non-dividend-paying stock 

(a) For a call option on a non-dividend-paying stock 

Ll = N(dI) 

r = J!Jd1 ) -

50σVÍT 
50N'(ddσ 。=一一一吉一 - rKe-rT N(d2 ) 

2vT 

Hence the left-hand side of equation (17.4) is: 

SoN' (d1 )σ 1n N'(d 1 ) 
=- 15 -rke一句(d2 ) 十 r50N(dI) 十抖了京

2vT 
=r[50 N(dd -- Ke-rT N(d2 )] 

=rII 

(b) For a put option on a no必divide吋-paying stock 

Ll = N(dt) 一 1 = -N(-d}) 

r 一主些L-

50σVÍT 
50N' (d1 )σ 

8= 一一一…一一 +rKe一門V( --d2 ) 2vT 
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Hence the left-hand side of equation (17.4) is: 

SoN'八、 1 n N'(d1) 一一-Ej一 +γKe-rTN( --d2 ) - rSoN(一d1 ) + 一σSo-r-2.JT - ，--~， '-y- , ". 2 Y ýT 

=r[Ke-rT N( -d2 )-- SoN( -d1)] 

=rII 

(c) For a portfolio of options, II, ß , e and r are the sums of their values for the individual 
options in the portfolio. It follows that equation (17.4) is true for any portfolio of 
European put and call options. 

Problem 17.19 
What is the equation corresponding to equation (1 7.4) for (a) a portfolio of derivatives 

on a currencyand (b) a portfolio of derivatives on a futures contract? 

A currency is analogous to a stock paying a continuous dividend yield at rate r f . The 
differential equation for a portfolio of derivatives dependent on a currency is (see equation 
15..6) 

δII . _åI1 1 呵呵 δ2立
百J 十 (r.... rf)S蒜 +rzp吾歹 =γH

Hence 

。十 (γ -r州十 jd什 =γH

Similar1y, for a portfolio of derivatives dependent on a futures price (see equation 16.8) 

@十 jd什= rII 

Problem 17.20. 
Suppose that $70 bil1ion of equity assets are the subject of portfo1io insurance schemes. 

Assumθ that the schemes are designed to provide insurance against the value of the assets 
declining by more than 5% within one year. Making whatθver estimates you find necessary, 
use thθ DerivaGθm software to calculate the value of the stock or futures contracts that 
the administrators of the portfolio insurance schemes wi11 attempt to sell if the market 
fal1s by 28% in a single day. 

We can regard the position of all portfolio insurers taken together as a single put 
option. The three known parameters of the option, before the 23% decline, are So = 70, 
K = 66..5, T = 1“ Other parameters can be estimated as r = 0.06 ， σ= 0.25 and q = 0.03. 
Then: 

d l叫70/66.5) + (0.06 一 0.03 卡 0.252/2)
1= 一一_....-一一一一一一一一一一一一一一一一= 0.4502 

0.25 

N(d t} = 0.6737 
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The delta of the option is 
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This shows that 31.67% or $22.17 b i11ion of assets should have been sold before the decline. 
These numbers can also be produced from DerivaGem by selecting Under1ying Type and 
lndex and Option Type as Analytic European. 

After the decline, 80 = 53.9, K = 66.5, T = 1, r = 0.06 ， σ= 0.25 and q = 0.03. 

ln(53.9/66.5) + (0.06 一 0.03 + 0.252 /2) 
d1 = 一一一一一一一一一一一一一一一一一一一:!... = -0.5953 

0.25 
N(d1 ) = 0.2758 

The de1ta of the option has dropped to 

e-0.03X05(0.2758 一 1)

= - 0.7028 

This shows that cumulatively 70.28% of the assets originally held should be sold. An 
additional 38.61 % of the original portfo1io should be sold. The sales measured at pre-crash 
prices are about $27.0 billion. At post crash prices they are about 20.8 bi1lion. 

Problem 17.21. 
Does a forward contract on a stock index have the sall1e delta as the corresponding 

futures contract? Explain your answer. 

With our usual notation the value of a forward contract on the asset is 8昕一qT
K e -rT. When there is a small change, !:l8 , in 80 the value of the forward contract 
changes by e--qT ð.8. The delta of the forward contract is therefore e-qT . The futures 
price is 80e(r-- q)T. When there is a small change, ð.8 , in 80 the futures price changes 
by b..Se(r-q)T. Given the daily settlement procedures in futures contracts, this is also 
the immediate change in the wea1th of the holder of the futures contract. The delta of 
the futures contract is therefore e(r-q)T. We conclude that the deltas of a futures and 
forward contract are not the same. The delta of the futures is greater than the delta of 
the corresponding forward by a factor of erT . 

Problem 17.22. 
A bank's position in options on thθ dollar--euro exchange rate has a delta of 30,000 

and a gam ll1a of -80, 000. Explain how these nUll1bers can be interpreted.. The exchange 
rate (dollars per euro) is 0.90. What position would you take to ll1ake the position de1ta 
neutral? After a short period of till1e, the exchange rate moves to 0.93.. Estill1ate the new 
delta.. What additiona1 trade is necessary to keθp the position delta neutral? Assull1ing 
the bank did set up a delta-neutral position originally, has it gained or lost 1l10ney 企0111

the exchange-rate 1l10vell1ent? 
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The delta indicates that when the value of the euro exchange rate increases by $0.01 , 
the value of the bank's position increases by 0.01 x 30,000 = $300. The gamma indicates 
that when the euro exchange rate increases by $0.01 the de1ta of the portfo1io decreases 
by 0.01 x 80,000 = 800. :For delta neutra1ity 30,000 euros should be shorted. When 
the exchange rate moves up to 0.93, we expect the delta of the portfolio to decre船e by 
(0.93 -- 0.90) x 80,000 = 2,400 so that it becomes 27,600. To maintain delta neutrality, it 
is therefore necessary for the bank to unwind its short position 2,400 euros so that a net 
27,600 have been shorted. As shown in the text (see Figure 17.8) , when a portfolio is delta 
neutral and has a negative gamma, a loss is experienced when there is a large movement 
in the underlying asset price. We can conclude that the bank is likely to have lost money. 

Problem 17.23. 
Use the put--call parity relationship to derive, foI' a non--dividend-paying stock, thθ 

relationship between: 
(a) The delta of a European call and the delta of a European put. 
(b) The gamma of a European call and the gamma of a European put. 
(司 The vega of a European call and the vega of a European put. 
(d) The the的 of a European call and the theta of a European put. 

l<òr a non-dividend paying stock, put-, call parity gives at a general time t: 

p 十 S = c + Ke-r(T-t) 

(a) Differentiating with respect to S: 

or 

δpδc 
十 1= 一一

θS ,- öS 

δpδc 

θSθS -
This shows that the de1ta of a European put equals the delta of the corresponding 
European call less 1. 0" 

(b) Differe凶ating with respect to S again 

θ2p δ2C 

δS2 öS2 

Hence the gamma of a European put equals the gamma of a European call. 
( c) Differentiating the put-call parity relationship with respect to σ 

。pδc
δσθσ 

showing that the vega of a European put equals the vega of a European call. 
( d) Differentiating the put-call parity relationship with respect to T 

gE=Tke-T(T-4)+ 空空
。t θt
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This is in agreement with the thetas of European calls and puts given in Section 17.5 
since N(也) = 1 - N(一d2 ).

ASSIGNMENT QUESTIONS 

Problem 17.24. 
Consider a one-year European call option on a stock when the stock price is $30, the 

strike price is $30, the risk-企ee rate is 5%, and the volati1ity is 25% per annum. Use 
the DerivaGθ'ill software to ca1culate the price, delta, gamma, vega, theta, and rho of the 
option. 時'TÏ.ljr that delta is correct by changing thθ stock price to $30.1 and recomputing 
the option price. Veri命 that gamma is correct by recomputing the delta for the situation 
where the stock price is $30.1. Carry out similar calculations to veri命 that VIθga， theta, 
and rho are correct. Use the DerivaGem software to plot the option price, delta, gamma, 
vega, theta, and rho against the stock price for the stock option. 

The price, delta, gamma, vega, theta, and rho ofthe option are 3.7008, 0.6274, 0.050, 
0.1135 , -0.00596 , and 0.1512. When the stock price increases to 30.1 , the option price 
increases to 3.7638. The change in the option price is 3.7638 - 3.7008 = 0.0630. Delta 
predicts a change in the option price of 0.6274 x 0.1 = 0.0627 which is very close. When 
the stock price increases to 30..1 , delta increases to 0.6324. The size of the increase in delta 
is 0.6324 - 0.6274 = 0.005. Gamma predicts an increase of 0.050 x 0.1 = 0.005 which is 
the same. When the volatility increases from 25% to 26% , the option price increases by 
0.1136 from 3.7008 to 3.8144. This is consistent with the vega value of 0.1135. When 
the time to maturity is changed from 1 to 1..1/365 the option price reduces by 0.006 from 
3.7008 to 3.6948. This is consistent with a theta of -0.00596. Finally when the interest 
rate increases from 5% to 6% the value of the option increases by 0.1527 from 3.7008 to 
3.8535. This is consistent with a rho of 0.1512. 

Problem 17.25. 
A 丑nancial institution has the following portfolio of over- the-counter options on ster

ling: 

Type Position 
Delta of 
Option 

圓 圓圈一一一一 一一一一一一

Call -1 ,000 0.50 
Call -500 0.80 
Put 2,000 -0.40 
Call 500 。，， 70

Gamma of 
Option 

2.2 
0.6 
1.3 
1.8 

Vega of 
Option 

1.8 
0.2 
0.7 
1.4 

A traded option is available with a delta of 0.6, a gamma of 1.5, and a vega of 0.8. 
a. What positioll in the traded option and in sterling would make the portfolio both 

gamma neutral and delta neutral? 
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b. What position in the traded option and in sterling would make the portfolio both vega 
neutral and delta neutra1? 

The de1ta of the portfolio is 

-1,000 x 0.50 - 500 x 0.80 - 2,000 x (一O必)一 500 x 0.70 = -450 

The gamma of the portfo1io is 

-1,000 x 2.2 - 500 x 0.6 _. 2,000 x 1.3 - 500 x 1.8 = -6,000 

The vega of the portfolio is 

-1,000 x 1.8 - 500 x 0.2 -- 2,000 x 0.7 - 500 x L4 = -4,000 

(a) A long position in 4,000 traded options will give a gamma-neutral portfolio since the 
long position has a gamma of 4, 000 x 1.5 =十6， 000. The delta of the whole portfolio 
(including traded options) is then: 

4,000 x 0.6- 450 = 1,950 

Hence, in addition to the 4,000 traded options, a short position in Æ1 ,950 is necessary 
so that the portfolio is both gamma and de1ta neutraL 

(b) A long position in 5,000 traded options will give a vega-neutral portfolio since the 
long position has a vega of 5,000 x 0.8 = +4,000. The delta of the whole portfolio 
(including traded options) is then 

5,000 x 0.6 --.450 = 2,550 

Hence, in addition to the 5,000 traded options, a short position in Æ2 ,550 is necessary 
so that the portfolio is both vega and delta neutral. 

Problem 17.26. 
Consider again the situation in Problem 17.25. Suppose that a second traded option 

with a delta of 0.1 , a gamma of 0_5, and a vega of 0.6 is available. How could the portfolio 
be made delta, gamma, and vega neutral? 

Let Wl be the position in the first traded option and W2 be the position in the second 
traded option. We require: 

6,000 = 1.5ω1 十 0.5切2

4,000 = 0.8叩1 + 0.6ω2 

The solution to these equations can easily be seen to be Wl = 3, 200 ， ω2 = 2,400. The 
whole portfolio then has a de1ta of 

---450 + 3,200 x 0.6 + 2,400 x 0.1 = 1,710 
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Therefore the portfo1io can be made delta, gamma and vega neutral by taking a long 
position in 3,200 of the first traded option, a long position in 2,400 of the second traded 
option and a short position in i'1,710. 

Problem 17.27. 
A deposít ínstrument offered by a bank guarantees that investors wil1 receive a return 

during a six-month period that is the greater of (a) zero and (b) 40% of the ret叮n provided 
by a market index. An investor is planning to put $100,000 in the instrument. Descríbe 
the payoff as an option on the index. Assumíng that the risk-.free rate of interest is 8% per 
annum, the dividend yield on the index is 3% per annum, and the volatility of the index 
is 25% per annum, is the product a good deal for the investor? 

The product provides a six-month return equal to 

max (0, O.4R) 

where R is the return on the index. Suppose that So is the current value of the index and 
ST is the value in six months. 

When an amount A is invested, the return received at the end of six months is: 

_ Sr - So 、
Amax(O, 0.4一二τ一一工)

ρ0 

O.4A 
=τ::.:. max (0, ST - So) 

σ。

This is O.4A/ So of at- the-money European call options on the index. With the usual 
notation, they have value: 

O.4A 
了。一 [Soe 內(d1 )- Soe一句(d2 )]

= O.4A[e- qT N(d1 ) - e-- rT N(d2 )] 

In this case r = 0.08 ， σ= 0.25 , T = 0.50 and q = 0.03 

d 一 (0..08 - 003 十 0.252 /2) 0.50 
1-~一一一一一一一 一一一一一= 0.2298 

0.25\/0.50 

d2 = 的一。.25VO.-50 = 0.0530 

N(d1 ) = 0.5909; N(d2 ) = 0.5212 

The value of the European call options being offered is 

0.4A(e--003X05 x 0.5909 - e-008xO.5 x 0.5212) 

= 0.0325A 
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This is the present value of the payoff from the product. If an investor buys the product 
he or she avoids having to pay 0.0325A at time zero for the underlying option. The cash 
fiows to the investor are therefore 

Time 0: 一A + 0.0325A = 0.9675A 
After six months: 十A

The return with continuous compounding is 21n(1/0.9675) = 0.066 or 6.6% per an
num. The product is therefore slightly less attractive than a risk-free investment. 

Problem 17.28. 
The formula for the price of a European call futures option in terms of the futures 

price, Fo , is given in Chapter 16 as 

c=ε--rT[FoN(d1 ) - KN(d2)] 

where 
d1-ln(的/也立的2
一一

-σvT 

d2 = 吭一-σJ于

and K , r , T , and σ are the strike price, interest rate, time to maturity, and volati1ity, 
respectively. 

(a) Prove that FoN'(d1) = KN'(d2) 
(b) Prove that the delta ofthe call price with respect to the futures price is e-rT N(d1). 
(c) Prove that the vega of the call price is FoJ于N'(dI) e-rT

(d) Prove the formula for the rllO of a call futures option given in Section 17.12. The 
delta, gamma, theta, and vega of a call futures option are the same as those for a call 
option on a stock paying dividends at rate q with q replaced by r and 80 replaced by Fo. 
Explain why the same is not true of the rho of a call futures option. 

(a) 

FF(d1)=fLe-di/2 
V~π 

KN'(d2) = KN'(d1 σ 佇而) = i手Lef一→卅(付圳d
\!"L7π r 

Because d10J于 = ln(F/K) + σ2T /2 the second equation reduces to 

KN'(也)=iL一(dU2)叫/K)=-Efdi/2
V~πV:'::7f 

The result follows. 
、
B
S
'
，

b r
t
‘
、

至三 = e-- rT N(d1) + e--rT FN'(dI)一 - e--rT K N' (d2 )一。d1 -_'-'7' TT ~ , 11 , , åd2 

δFθF --- - '-"J åF 
Because 

δd1θd2 
δFδF 
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(c) 

it follows from the reSl此 in (a) that 

竺 = e-rT N(dJ) 
。F

åc 巾 θι 巾 βλ內
之二 =ε -r'1'PN'(d1 )':-一 - e-r

'1'K N' (d2 )云
。συσuσ

Because d1 = d2 十 σVT
ådl åd? r= 
-一二三四一二十九!T
θσθσ. -

From the result in (a) it follows that 

拿 = e-rTPN'(d1 )而
。σ

( d) Rho is given by 

三 = -Te一咐V(dr) - K N(d2 )]] 

or --cT. Because q = r in the case of a futures option there are two components to 
rho. One arises from differentiation with respect to T , the other from differentiation 
with respect to q. 

Problem 17.29. 
Use DerivaGem to check that equation (1 7.4) is satis丑ed for the option considered in 

Section 17.1.. (N ote: DerivaGem prod肘es a va1ue of theta “þer ca1endar day." The theta 
in equation (1 7 η is "per year.") 

For the option considered in Section 17.1 , 30 49, K = 50, r = 0β5 ， σ= 0.20, 
and T 二 20/52. DerivaGem shows that e = -0.011795 x 365 = -4.305, ~ = 0.5216, 
r = 0.065544, II = 2..4005. The left hand side of equation (17.7) 

一4.305 十 0.05 × 49 × 0.5216+1 × 022 ×吐92 x 0.065544 = 0.120 
2 

The right hand side is 
0.05 x 2.4005 = 0.120 

This shows that the result in equation (17.4) is satisfied. 

Problem 17.30. 
Use the DerivaGem Application Builder functions to reproduce Table 17.2.. (Note 

that in Table 17..2 the stock position is rounded to the nearest 100 shares.) Ca1culate the 
gamma and theta of the position each week.. Calculate the change in the value of the 
portfolio each week and check whether equation (17.3) is approximately satis丑ed.(Note:
DerivaGem produces a value of theta "per calendar day.." The theta in equation (1 7砂 is

''per year.") 
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Consider the first week. The portfo1io consists of a short position in 100,000 options 
and a long posi七ion in 52,200 share8. The value of the option changes from $240,053 at the 
beginning of the week to $188,760 at the end of the week for a gain of $51 ,293. The value 
of the shares change from 52,200 x 49 = $2,557,800 to 52,200 x 48.12 = $2,511,864 for 
a los8 of $45,936. The net gain is 51 ,293- 45,936 = $5,357. The gamma and theta (per 
year) of the portfo1io are 一6554.4 and 430,533 so 七hat equation (17.3) predict8 the gain as 

1 1 
430533 x 一一一 x 6554.4 x (48.12-- 49)2 = 5742 

52 2 

The re8ults for all 20 weeks are shown in the following table. 

Week Actual Gain Predicted Gain 
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N otes for the Instructor 

CHAPTER 18 
Volatility Smiles 

This chapter covers volatility smiles and how they are used in practice. The approach 
is to start with the volatility smiles that are observed in the equity and foreign currency 
markets and then show what the implied distributions look like. A number of improvements 
have been made to the chapter. Section 18.1 reads more easily. Different ways used by 
practitioners to quantify the volatility smile are covered. 

1 find that many students are interested in the details of how one goes from a volatility 
smile to an implied distribution. The appendix to the chapter now has more information 
on this and includes a numerical example. 

1 focus on foreign exchange and equity markets when covering this chapter, but futures 
markets can also be mentioned. ( Problem 16.23 from Chapter 16 derives a volatility for 
corn futures.) 

It is not difficult to construct interesting assignments based on the material. For 
example, students can be asked to calculate a volatility smile for options on the S&P 500 
using data obtained from a newspaper or a live data feed. Problems 18.19 and 18.26 work 
well for class discussion.. The others make good assignment questions. 

QUESTIONS AND PROBLEMS 

Problem 18.1. 
What volati1i ty smile is likely to be observed when 

a. Both tai1s ofthe stock price distribution are less heavy than those ofthe lognormal 
distribution? 

b. The right tai1 is heavier, and the left tai1 is less heavy, than that of a lognormal 
distribution? 

A downward sloping volatility smile is usually observed for equities. 

Problem 18.2. 
What volati1ity smi1e is observed for equities? 

A downward sloping volatility smile is usually observed for equities. 

Problem 18.3. 
What volatility smi1e is 1ikely to be caused by jumps i扭n t站hθ unde凹rl力ly厄迎ing asset price? 

Is t咄hθ pattern likely to be more pronounced i品or a tw，再U昀仰F。吵吵o凶._y，

option? 
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Jumps tend to make both tails of the stock price distribution heavier than those of 
the lognormal distribution. This creates a volatili七y smile similar to that in Figure 18.1. 
The volatility smile is likely to be more pronounced for the three-month option. 

Problern 18.4. 
A European call and put option have the same strike price and time to maturity. The 

call has an imp1ied volati1ity of 30% and the put has an implied vo1ati1ity of 25%. What 
trades wou1d you do? 

The put has a price that is too low relative to the call's price. The correct trading 
strategy is to buy the put, buy the stock, and sell the call. 

Problern 18.5. 
Exp1ain carefully why a distribution with a heavier 1eft tail and 1ess heavy right tai1 

than the 1ognorma1 distribution gives rise to a downward sloping vo1ati1ity smile. 

The heavier left tail should lead to high prices, and therefore high implied volatilities, 
for out-oιthe-money (low-strike-price) puts. Similarly the less heavy right tail should lead 
to low prices, and therefore low volati1ities for 0叫叫峙吋d陣吋O吋f-t出h盼e.‘"闡 mo
A volatility smile where volatility is a decreasing f扣uncti怕on of strike price results. 

Problern 18.6. 
The market price of a European call 的 $3.00 and its price given by B1ack--5cho1es 

mode1 with a vo1ati1ity of 30% is $3.50. The price given by this B1ack-Scl101es mode1 for 
a European put option with the same strike price and time to maturity is $1.00. What 
should the market price of the put option be? Exp1ain the reasons for your answer. 

With the notation in the text 

Cbs 斗- K e-rT = Pbs + Se-qT 

Cmk七十 Ke-rT = Pmk七十 Se-qT

It follows that 
Cbs -- Cmkt = Pbs - Pmkt 

In this case Cmkt = 3.00; Cbs 二 3.50; and Pb呂立1.00. It follows that Pmkt should be 0.50. 

Problern 18.7. 
Exp1ain what is meant by crashophobia. 

The cr品hophobia argument is an attempt to explain the pronounced volatility skew 
in equity markets since 1987. (This was the ye缸 equity markets shocked everyone by 
crashing more than 20% in one day). The argument is that traders are concerned about 
another crash and as a resu1t increase the price of out-.of-the-money puts. This creates the 
volatility skew. 
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Problem 18.8. 
A stock pricθ is curren t1y $20. Tomorrow, news is expected to bθ announced that wi11 

either increase the price by $5 OI' decrease the price by $5. What are the problems in using 
Black-Scholes to value onφmonth options on the stock? 

The probabi1ity distribution of the stock price in one month is not lognormal. Possibly 
it consists of two lognormal distributions superimposed upon each other and is bimodal. 
Black--Scholes is clear ly inappropriate, because it assumes that the stock price at any future 
time is lognormal. 

Problem 18.9. 
What volatility smile is 1íkely to be observed for six-month options when the volati1ity 

is uncertain and positiv<θ>Jy correlated to the stock price? 

When the asset price is positively correlated with volatility, the volatility tends to 
increase 描 the asset price increases, producing less heavy left tails and heavier right tails. 
Imp1ied volati1ity then increases with the strike price. 

Problem 18.10. 
What problems do you think would be encountered in testing a stock option pricing 

model empirically? 

There are a number of problems in testing an option pricing model empirically. These 
include the problem of obtaining synchronous data on stock prices and option prices, the 
problem of estimating the dividends that wi1l be paid on the stock during the option's 
1ife, the problem of distinguishing between situations where the market is ine伍cient and 
situations where the option pricing model is incorrect, and the problems of estimating 
stock price volatility. 

Problem 18.11. 
Suppose that a central bank's policy is to allowan exchange rate to fluctuate between 

0 , 97 and 1.03 , What pattern of implied volati1ities for options on the exchange rate would 
you θ!xpect to see? 

In this case the probability distribution of the exchange rate has a thin left tail and a 
thin right tail relative to the lognormal distribution. We are in the opposite situation to 
that described for foreign currencies in Section 18.1. Both out-of-the-money and in.-the
money calls and puts can be expected to have lower imp1ied volatilities than at-the-money 
calls and puts. The pattern of implied volatilities is likely to be similar to Figure 18 ,, 7. 

Problem 18.12. 
Option traders sometimes refer to deep-out-oi己的手money options as being options on 

volatility, Why do you think they do this? 

A deep-out呵。ιthe-money option h剖 a low value" Decreases in its volatility reduce 
its value. However, this reduction is small because the value can never go below zero. 
Increases in its volatility, on the other hand, can lead to significant percentage increases 
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in the value of the option. The option does, therefore, have some of the same attributes 
as an option on volatility. 

Problem 18.13. 
A European call option on a certain stock bas a strike price of $30, a time to maturity 

of one year, and an implied volati1ity of 30%. A European put option on tbe same stock 
bas a strike price of $30, a time to maturity of one year, and an imp1ied volati1ity of 33%. 
Wbat is tbe arbitrage opportunity open to a trader? Does tbe arbitrage work only wben 
tbe lognormal ωsumption underlying Black-Scboles bolds? Explain tbe reasons for your 
answer carefully. 

As explained in the appendix to the chapter, put-call parity implies that European put 
and call options have the same implied volatility. If a call option has an implied volatility 
of 30% and a put option has an imp1ied volatility of 33%, the cal1 is priced too low relative 
to the put. The correct trading strategy is to buy the call, sell the put and short the stock. 
This does not depend on the lognormal assumption underlying Black--Scholes. Put-call 
parity is true for any set of assumptions. 

Problem 18.14. 
Suppose tbat tbe rθsult of a major lawsuit affecting a company is due to be announcθd 

tomorrow. Tbe company's stock price is currently $60. If the ru1ing is favorable to tbe 
company, tbe stock price is expected to jump to $75. If it is unfavorable, tbe stock is 
expected to jump to $50. What is tbe risk-neutral probabi1ity of a favorable ruling? 
Assume tbat tbe volati1ity of tbe company's stock wil1 be 25% for six mon的s after tbe 
ruling if tbe ruling is favorable and 40% if it is unfavorable. Use DerivaGem to calculate 
tbe relationsbip betwecn impliθd volatility and strike price for six--montb European options 
on tbe company today. Tbe company does not pay dividends. Assume tbat tbe six-montb 
risk心free rate is 6%. ConsÍder call options witb strike prices of $30, $40, $50, $60, $70, and 
$80. 

Suppose that p is the probability of a favorable ruling. The expected price of the 
company's stock tomorrow is 

75p + 50(1 - p) = 50 + 25p 

This must be the price of the stock today. (We ignore the expected return to an investor 
over one day.) Hence 

50 + 25p = 60 

or p = 0.4. 
If the ru1ing is favorab扭， the volatility， σ ， will be 25%. Other option parameters are 

80 = 75, r = 0.06, and T = 0.5. For a value of K equal to 50, DerivaGem gives the value 
of a European call option price as 26.502. 

If the ruling is unfavorable, the volati1ity， σwi1l be 40% Other option parameters are 
80 = 50, r = 0.06, and T = 0.5. For a value of K equal to 50, DerivaGem gives the value 
of a European call option price as 6.310. 
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The value today of a European call option with a strike price today is the weighted 
average of 26.502 and 6.310 or: 

0.4 x 26.502 十 0.6 x 6.310 = 14.,387 

DerivaGem can be used to calculate the implied volati1ity when the option has this price. 
The parameter values are 8 0 = 60, K = 50, T = 0.5, r = 0.06 and c = 14.387. The implied 
volatility is 47.76%. 

These calculations can be repeated for other strike prices. The results are shown in 
the table below. The pattern of implied volatilities is shown in Figure S18.1. 

Call Option Price Call Option Price Implied 
Strike Price Favorable Outcome Unfavorable Outcome Weighted Price Volatility (%) 

一一一一一一一一一間，

30 45.887 21.001 30.955 46 ,, 67 
40 36.182 12.哇37 21.935 哇7.78

50 26.502 6.310 14.387 47.76 
60 17.171 2.826 8.564 46.05 
70 9.334 1.161 4.430 43.22 
80 4.159 0.451 1.934 40.36 

-::: 46 
。> 44 
司3

E 40 

38 寸 一一一一「

20 40 60 80 

Strike Price 

Figure S18.1 Implied Volatilities in Problem 18.14 

229 



Problem 18.15. 
An exchange rate is currently 0.8000. The volatility of the exchange ratθ is quoted as 

12% and interest rates in the two countries are the same. Using the lognorma1 assumption, 
estimate the probabi1ity that the excha時erate 臼 tbree months wil1 be (a) less tban 0.7000, 
(b) between 0.7000 and 0.7500, (c) between 0.7500 and 0.8000, (d) between 0.8000 and 
0.8500, (e) between 0.8500 and 0.9000, and (f) greater than 0.9000. Based on tbe volatility 
smi1e usually observed in tbe market for excbange rates, which of these estimates would 
you expect to be too low and which would you expect to be too high? 

As pointed out in Chapters 5 and 13 an exchange rate behaves like a stock that 
provides a dividend yield equal to the foreign risk-.free rate. Whereas the growth rate in 
a non-dividend-paying stock in a risk-neutral world is r , the growth rate in the exchange 
rate in a risk-neutral world is r -- r f . Exchange rates have low systematic riskl'弓 and so we 
can reasonably assume that this is also the growth rate in the real world. In this case the 
foreign risk-仕ee rate equals the domestic risk-free rate (r = rf). The expected growth rate 
in the exchange rate is therefore zero. If ST is the exchange rate at 七ime T its probability 
distribution is given by equation (12.2) withμ=0: 

ln ST r-v cþ (ln So 一 σ2T/2 ， σ2T)

where So is the exchange rate at time zero and σis the volatility of the exchange rate.. In 
this case So = 0.8000 and σ= 0.12, and T = 0.25 so that 

ln ST r-v cþ (ln 0.8 -- 0.122 
X 0.25/2,0.122 

X 0.25) 

or 
ln ST '"伊(一 0.2249， 0.0036)

(a) InO.70 二←0.3567. The probability that ST < 0.70 is the same as the probability that 
ln ST < -0.3567.. It is 

N(二生笠泣。坐)=N叫955)

This is 1.41% “ 

(b) ln 0.75 =一0.2877. The probability that ST < 0.75 is the same as the probability that 
ln ST < -0.2877. It is 

N(二9:2EZtg些)=N川崎6)

This is 14.79%. The probability that the exchange rate is between 0.70 and 0..75 is 
therefore 14.79 -- 1.41 = 13.38%. 

(c) l~ 0.80 = --0.2231. The probability that ST < 0.80 is the same 船 the probability that 
ln ST < --0.2231. It is 

N(主22ZF叫 = N(0.03∞ 
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ThÍs Ís 51.20%. The probability that the exchange rate Ís between 0.75 and 0.80 Ís 
therefore 51.2。一 14.79 = 36.41 %. 

(d) ln 0.85 二 0 ， 1625. The probability that Sr < 0.85 Ís the same as the probability that 
1nSr < -0.1625. It is 

N(二-0.1疇。1.224日)=N川04)

This is 85.09%. The probability that the exchange rate is between 0.80 and 0.85 is 
therefore 85.09 - 51.20 = 33.89%. 

(e) ln 0.90 = -0.1054. The probability that Sr < 0.90 is the same as the probability that 
lnSr < -0.1054. It is 

N(二O.哈吧~) =川

This is 97.69%. The probability that the exchange rate is between 0.85 and 0.90 is 
therefore 97.69 - 85.09 = 12.60%. 

(f) The probability that the exchange rate is greater than 0.90 is 100 -.- 97.69 = 2.31 % 

The volatility smile encountered for foreÍgn exchange options is shown in Figure 18.1 
of the text and implies the probability distribution in Figure 18.2. Figure 18.2 suggests 
that we would expect the probabilities in (a) , (c) , (d) , and (f) to be too low and the 
probabilities in (b) and (e) to be too high. 

Problem 18.16. 
The price of a stock is $40. A six司 month European call option on the stock with a 

strike price of $30 has an implied volatility of 35%" A six month European call option on 
the stock with a strike price of $50 has an implied volatility of 28%. The six--month risk
企ee rate is 5% and no dividends are expected. Explain why the two implied volatilities are 
different. Use DerivaGem to ca1culate the prices of the two options. Use put-call parity to 
calculate the príces of six-month European put options with strike prices of $30 and $50. 
Use DerívaGem to calcula紀的θ implied volatilities of these two put optíons. 

The difference between the two implied volatilities is consistent with Figure 18.3 in 
the text. For equities the volatility smile is downward sloping. A high strike price option 
has a lower implied volatility than a low strike price option. The reason is that traders 
consider that the probability of a large downward movement in the stock price is higher 
than that predicted by the lognormal probability distribution. The implied distribution 
assumed by traders is shown in Figure 18.4. 

To use DerivaGem to calculate the price of the fir訕。ption ， proceed as follows. Select 
Equity as the Underlying Type in the first worksheet. Select Analytic European as the 
Option Type. Input the stock price as 40, volatility as 35%, risk-free rate as 5%, time 
to exercise as 0.5 year, and exercise price as 30. Leave the dividend table blank because 
we are assuming no dividends. Select the button corresponding to call. Do not select the 
implied volatility button. Hit the Enter key and click on calculate. DerivaGem will show 
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the price of the option as 11.155. Change the volati1ity to 28% and the strike price to 50. 
Hit the Enter key and click on calculate. DerivaGem wi1l show the price of the option as 
0.725. 

Put-call parity is 
c+ Ke ,-rT = p 十 80

so that 
p=c+Ke 一.rT _ 80 

For the first option, c = 11.155, 80 = 40, r = 0.054, K = 30, and T = 0.5 so that 

p = 11.155 + 30e-0.05xO.5 - 40 = 0.414 

For the second option, c = 0.725, 8 0 = 40, r = 0.06, K = 50, and T = 0.5 so that 

p = 0.725 + 50e一0.05xO.5 _ 40 = 9.490 

To use DerivaGem to ca1culate the implied volatility of the first put option, input the 
stock price as 40, the risk-free rate as 5%, time to exercise as 0.5 ye缸， and the exercise 
price as 30. Input the price as 0.414 in the second half of the Option Data table. Select the 
buttons for a put option and implied volatility. Hit the Enter key and click on calculate. 
DerivaGem wi1l show the implied volati1ity as 34.99%. 

Similar1y, to use DerivaGem to calculate the implied volatility of the first put option, 
input the stock price as 鉤， the risk-free rate as 5%, time to exercise as 0.5 year, and the 
exercise price as 50. Input the price as 9.490 in the second half of the Option Data table. 
Select the buttons for a put option and implied volatility. Hit the Enter key and click on 
ca1culate. DerivaGem will show the implied volatility as 27.99%. 

These results are what we would expect. DerivaGem gives the implied volatility of a 
put with strike price 30 to be almost exact1y the same as the implied volatility of a call 
with a strike price of 30. Similarly, it gives the implied volatility of a put with strike price 
50 to be almost exact1y the same as the implied volati1ity of a call wi七h a strike price of 
50. 

Problem 18.11. 
“The Black-Scholes model is used by traders as an interpolation tool." Discuss this 

VleW. 

When plain vanilla cal1 and put options are being priced, traders do use the Black
Scholes model as an interpolation tool. They calculate implied volatilities for the options 
whose prices they can observe in the market. By interpolating between strike prices and 
between times to maturity, they estimate implied volatilities for other options. These 
imp1ied volatilities are then substituted into Black-Scholes to ca1culate prices for these 
options. In practice much of the work in producing a table such as Table 18..2 in the 
over-the-counter market is done by brokers. Brokers often act as intermediaries between 
participants in the over-the..counter market and usually have more information on the 
trades taking place than any individual financial institution. The brokers provide a table 
such as Table 18.2 to their clients as a service. 
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Problem 18.18 
Using Table 18.. 2 calculate the implied volatility a trader would use for an 品.month

option with K /80 = 1.04. 

13 .45%. We get the same answer by (a) interpo1ati時 between strike prices of 1.00 and 
1.05 and then between maturities six months and one year and (b) interpo1ating between 
maturities of six months and one ye訂 and then between strike prices of 1.00 and 1.05. 

ASSIGNMENT QUESTIONS 

Problem 18.19. 
A company's stock is selling for $4. The company has no outstanding debt. Analysts 

consider thθ liquidation value of the company ωbe at least $300,000 and there are 100,000 
shares outstanding. What volatility smile would you expect to see7 

In liquidation the company's stock price must be at 1east 300,000/100,000 = $3. The 
company's stock price shou1d therefore a1ways be at 1east $3. This means that the stock 
price distribution that has a thinner 1eft tai1 and fatter right tail than the 10gnorma1 
distribution. An upward sloping vo1atility smile can be expected. 

Problem 18.20. 
A company is currently awaiting the outcome of a major lawsuit. This is expθcted to 

be known within one month.. The stock price is currently $20. If the outcome is positive, 
the stock price is expected to be $24 at the end of one month. If the outcome is negative, it 
is expected to be $18 at this time. The one-month risk- free interest rate is 8% per annUill. 

a.. What is thθ risk-neutral probabi1ity of a positive outcome7 
b. What are thθ values of one-month call options with strike prices of $19, $20, $21 , 

$22, and $237 
c. Use DerivaGem to calculate a volati1ity smile for on令month call options. 
d. Verify that the same volatility smile is obtained for onφmonth put options. 

(a) If p is the risk-neutra1 probability of a positive outcome (stock price rises to $24) , we 
must have 

24p + 18(1 - p) = 20eo 08x00833 

so that p = 0..356 
(b) The price of a call option with strike price K is (24 - K)pe~008X008333 when K < 24. 

Call options with strike prices of 19, 20, 21 , 22, and 23 therefore have prices 1.766, 
1.413, 1.060, 0.707, and 0.353, respective1y. 

(c) From DerivaGem the implied vo1atilities of the options with strike prices of 19，鉤， 21 ，

22, and 23 are 49.8% , 58.7%, 61.7% , 60.2%, and 53.4%, respective1y. The volatility 
smile is therefore a “frown" with the vo1atilities for deep-out-of-七he-money and deep
in凹 the-money options being 10wer than those for close-to-the-.money options. 

(d) The price of a put option with strike price K is (K - 18)(1 - p)e一008x008333. Put 
options with strike prices of 19, 20, 21 , 22 , and 23 therefore have prices of 0.640, 1.280, 
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1.920, 2.560, and 3.200. DerivaGem gives the implied volati1ities as 49.81 %, 58.68%, 
61.69%, 60.21%, and 53.38%. Allowing for rounding errors these are the same as the 
implied volatilities for put options. 

Problem 18.21. 
A futures price is currently $40. Tbe risk-企ee interest rate is 5%. Some news is 

expected tomorrow tbat wi1l cause tbe volati1ity over tbe next tbree montbs to be eitber 
10% or 30%. Tbere is a 60% cbance of tbe flrst outcome and a 40% cbance of tbe second 
outcome. Use DerivaGem to calculate a volati1ity smi1e for tbree-montb options. 

The calculations are shown in the following table. For example, when the strike price 
is 34, the price of a call option with a volatility of 10% is 5.926, and the price of a call 
option when the volatility is 30% is 6.312. When there is a 60% chance of the first volatility 
and 40% of the second, the price is 0.6 x 5.926 十 0.4 x 6.312 = 6.080. The implied volatility 
given by this price is 23.21. The table shows that the uncertainty about volati1ity leads 
to a cl品sic volati1ity smile similar to that in Figure 18.1 of the text. In general when 
volatility is stochastic with the stock price and volati1ity uncorrelated we get a pattern of 
implied volatilities similar to that observed for currency options. 

Call Option Price Call Option Price 
Strike Price 10% Volatility 30% Volati1ity 

Implied 
Weighted Price Volatility (%) 

一一一一 一一一一一，一一一一一一一一一一一一一一--一一一一一

34 5.926 6.312 6.080 23.21 
36 3.962 4.7生9 4.277 21.03 
38 2.128 3.423 2.646 18.88 
40 0.788 2.362 1.418 18.00 
42 0.177 1.560 0.730 18.80 
44 0.023 0.988 0.409 20.61 
46 0.002 0.601 0.242 22 .43 

Problem 18.22. 
Data for a number of foreign currencies are provided on tbe autbor's 羽毛3b site: 

bt仿t句:p:μjjw耳v們"'""呵1羽叭再

Cboose a currency and use tbe data tωo produce a table sim i1ar tωo Ta主bl扭θ18.1 . . 

The following table shows the percentage of daily returns greater than 1, 2, 3, 4, 5, 
and 6 standard deviations for each currency. The pattern is similar to that in Table 18.1. 
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> lsd > 2sd > 3sd > 4sd > 5sd > 6sd 

AUD 24.8 5.3 1..3 0.2 0.1 0.0 
BEF 24.3 5.7 1.3 0.6 0.2 0.0 
CHF 26.1 4.2 1.3 0.6 0.1 0.0 
DEM 23.9 5.0 1.4 0.6 0.1 0.0 
DKK 26.7 5.8 1.3 0.3 0.0 0.0 
ESP 28.2 5.1 0.9 0.3 0.1 0.0 
FRF 26.0 5.4 1.4 0.2 0.0 0.0 
GBP 23.9 6.4 1.1 0.4 0.1 0.0 
ITL 25 .4 6.6 1.1 0.2 0.0 0.0 
NLG 25.6 5.7 1.7 0.2 0.0 0.0 
SEK 28.2 5.2 1.0 0.0 0.0 0.0 

一一一一一一 一一- ，一一一一 一

Normal 31.7 4.6 0.3 0.0 0.0 0.0 

一一一 一一一一一一 一一一一 -一 一

Problem 18.23. 
Data for a number of stock indices are provided on the author注明令b site: 

ht“t旬恥p:μjjw們側v;叭再
Cα'hoos θ an index and t倪es品t whether a three standard dev吋ria叫ti扣on down mov，θm甜昀e臼'nthappθ臼ns

m沮10叮rθ often than a three standard deviation up mη10VI昀θme臼'nt肘1站站吋t.ι l巾' 

The results are shown in the table below. 

> 3sd down > 3sd up 

TSE 0.88 0.22 
S&P 0.55 0.44 

FTSE 0.55 0.66 
CAC 0.33 0.33 

Nikkei 0.55 0.66 

Total 0.57 0.46 

Problem 18.24. 
Consider a European call and a European put with the same strike price and time 

to maturity. Show that they change in va1ue by the samθ amount when the volatility 
mcreases 企om a level， 呵， to a new level， 的 within a sllOrt period of time. (Hint Use 
put-call parity.) 

Define Cl and Pl as the values of the call and the put when the volatility is σ1. Define 
C2 and P2 as the values of the call and the put when the volatility isσ2. From put-call 
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parity 

If follows that 

Problem 18.25. 

P1 十 SOe-qT = C1 + Ke- rT 

P2 十 SOe-qT = C2 十 Ke-rT

P1- P2 = C1 - C2 

An exchange rate is currently 1.0 and the implied volati1itiθs of six-month European 
options with strikeprices 0.7, 0.8, 0.9, 1.0, 1.1 , 1.2, and 1.3 are 13%, 12%, 11%, 10%, 11%, 
12%, and 13%. The domestic and foreign risk 企ee rates are both 2.5%. Ca1culate the 
implied probabi1ity distribution using an approach simi1ar to that used in the appendix for 
Example 18.2. Compare it with the imp1ied distribution where all the imp1ied volati1ities 
are 11.5%. 

Define: 
9(ST) = 91 for 0.7 三 ST < 0.8 

9(ST) = 92 for 0.8 三 ST < 0.9 

9(ST) = 93 for 0.9 三 ST < 1.0 

9(ST) = 94 for 1.0 三 ST < 1.1 

9(ST) = 95 for 1. 1 三 ST < 1.2 

9(ST) = 96 for 1. 2 三 ST < 1.3 

The value of 91 can be calculated by interpolating to get the implied volatility for 
a six-month option with a strike price of 0.75 as 12.5%. This means that options with 
strike prices of 0.7, 0.75, and 0.8 have implied volatilities of 13%, 12.5% and 12%, respec. 
tively. From DerivaGem their prices are $0.2963, $0.2469, and $0.1976, respectively. Using 
equation (18A.1) with K = 0.75 and ð = 0.05 we get 

9eO O25XO5(0.2963 十 0.1976 一 2xO.2469)
1 =一一一一一一一一一一一一 …一一= 0.0315 

0.052 

Similar calculations show that 92 = 0.7241, 93 = 4.0788, 94 3.6766, 95 0.0.7285, 
and .96 = 0..0898. The total probabi1ity between 0.. 7 and 1.3 is the sum of these numbers 
mu1tiplied by 0.1 or 0.9329. If the volatility had been fiat at 11.5% the values of 缸，針，
93 , 94 , 95 , and 96 would have been 0.0239, 0..9328, 4.2248, 3.7590, 0.9613, and 0.0938. The 
total probability between 0.7 and 1.3 is in this Case 0.9996. This shows that the volatility 
smile gives rise to heavy tails for the distribution. 

Problem 18.26. 
Use Table 18.2 to calculate the implied volati1ity a trader would use for an 11--month 

option with Kj SO = 0.98 

Interpolation gives the volatility for a six-month option with a strike price of 98 as 
12.82%. Interpolation also gives the volatility for a 12-month option with a strike price 
of 98 as 13.7%. A final interpolation gives the volatility of an 11-month option with a 
strike price of 98 as 13.55%. The same answer is obtained if the sequence in which the 
interpolations is done is reversed. 
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